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The Work nt)W presenled to tile Public, con- 
sists of fom distinct Treatises, Of these, the three, 
first are ih some degree connected, the fouith 
has no reltitioR whatever to the pieceding 

^he first is entitled, with some impiopiiety 
<jf language, a Treatise on Physical Aslionomy; 
containing, in fact, little moie than the most 
impoitant parts of the Lunar Theory. This the 
Authoi has been induced to publish) because an 
elementary lieatise on the pioblem of Three Bodies 
ts yet wanting in Catn^idge. It appeared desirable, 
that this important subject should be tieated in such 
a manner, as to make it geneially accessible to 
Students of the University, and easy to intioduce 
into the Public Lectures The entire neglect of 
the analytical mode of treating Physical Astronomy, 
cannot be .consideied otherwise than as a defect 
in our Mathematical System. The methods of 
Newton are beautiful, but they have all the ]iin; 
perfection which necessarily accompanies first 
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attempts for the explanation of some of the 
Lunar inequalities, they are hardly sufficient; and 
for the calculation of most, they are quite inade- 
quate. For other branches of Physical Astronomy, 
as the Planetary Theory, their inadequacy has 
never been questioned. Yet in this University, so 
completely was the attention long confined to the 
works of Newton, that a few yeara Since, it might 
justly be said, that we were far behind the rest 
of the world, The large work of Vince was by 
no means calculated for general use, the valuable 
tieatise of Piofessor Woodhouse was the first work 
on this subject published irt Cambridge, whose size 
and general characlei placed it within the leach 
of students, and whose plan was so comprehensive, ns 
to give extensive information on every case of the 
Problem of Three Bodies It is scarcely necessary 
, tofis&y, that the short Tract now presented to the 
Public, is not intended, in f^e slightest degree, to 
Supersede I the Treatise of Professoi Woodhouse, 
Bill ^>'yalu^ble as ^that Treatise is to the student of 
lalcnt'and acquirements, it is not found to be per- 
fectly hltipted for general instruction.' The Author 
of" tho- pres^wWork, has endeavoured to put the 
Lulq^.^ , sdeh a'^form, that all may be 

By dividing it into Pro- 
posilioiWj^ lU'^^e i manner which experience shews 
^ to be the 'best';adapled foi most readers, ho hopes 
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fo allure some, who might Le deteiied by lon^ 
Chapters and investigations without enunciations 
By refeuing to the Prmcipia, wherever it is possible, 
he aims to give the subject that interest, which the 
connexion between different systems generally ex- 
cites The present publication he legaids as little 
more than an experiment, he has, therefore, con- 
fined himself to the Lunar Theoiy. The student, 
to whom the methods of the Lunar Theory are 
familiar, will have no diflBculty in reading the 
able explanation of the Planetary and succeeding 
theories, in the latter part of Piofessor Woodhouse’s 
work, 

The second Tract is on the Piguie of the 
Earth, fiist considering it as homogeneous, and 
next as heterogeneous On the Earth’s form, sup- 
posing U liomogeneous, the only treatise generally 
read in the Universityfiis Maclaunn’s Piize Disser- 
tation on the Tides. Though the best parts of that 
elegant essay apply to the Earth’s figure, equally 
as affected by tides, or by centrifugal force, yet the 
writer's object has made him treat more particularly 
of the former. As a treatise on the Figure of 
the Earth, it is, theiefore, imperfect some additions, 
also, have been made to this theoiy by later 
writers. The first part of the piesent treatise it is 
therofojc hoped will be found useful. With''^i^ec(; 
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to the second, it is only necessary to observe, that 
there is no book commonly used in Cambridge la 
winch Claimut’s theorem is demonstrated , although 
within a shoit time moie extensive senes oP pen- 
dulum expeiiments have been made to determine 
the ellipticity of the Earth, than weie ever made 
before The admirable woik of Claiiaut, besides 
the inconvenience of being written in a foreign 
language, loaded with so many speculations, re- 
lating little to the subject, that it can never be much 
used. To supply tliui defect, the author has en- 
deavoured in the second part to make the tlieoiy 
of the Earth, supposed heterogeneous, accessible to 
Cambridge students He has also slightly alluded to 
tha effect of the Eaith’s ellipticity on the motion of 
the Moon 

On Precession and Nutation, considered with 
reference to their physical causes, there is no treatise 
in use m the University The propositions of 
Newton are both Imperfect and erroneous ; and tho 
necessity for some treatise on this Subject is shewn 
by the circwmstanpe, that most students Ure familiar 
with the fects of, Precession and Nutation, while 
very few are, iicijuainted with their causes. This 
the Author has endeavoured to supply: taking Fiisi’g 
iheurem as the .foundation, he has shewn how, from 
ftflButned data, Ihe of .Piec^asion und Nu- 
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tatlon can be calculated, and how, fiom obaevvatfons, 
the Moon’s mass and Eaith’s ellipticity may be 
found, In this is compiehended the supposition of 
the JEarth’s variable density These three tieatises, 
which might all be included undei the title of Physical 
Astionomy, will enable the aspiring student to com- 
piehend every theoiem of imppitance relating to 
the form and motions of the Bailh and Moon. 

The fourth treatisej on the Calculus of Vari- 
ations, IS printed with the otlieis meiely because it 
18 too small to be published alone On this subject, 
the most beautiful of all the branches of the Dififei- 
enlial Calculus, the translation of Lacroix, commonly 
used in Cambridge, is singularly confused an^ 
unintelligible. Professor Woodhouse’s interesting 
tieatise on Isoperimetrical Problems, taking the 
subject in an historical ordei, is, of course, unfit for 
the student. Some of the subjects of the preceding 
tracts are really difficult; but in this theory, which 
18 usually viewed with far greater terror, tlieie is 
little more difficulty than in the common theory of 
Maxima and Minima. By adhering rigorously to 
principles, by exemplifying every formula, and by 
avoiding the investigation of useless theorems, the 
author hopes that be has removed many of the dif- 
ficulties which have been thought to beset this 
theory. 
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The autliov has to apologize for the introduction 
of an uncommon symbol of integiation Foi the 
student who confines himself to the use of differential 
coefficients, it appeared necessaiy to employ a symbol 
which should not requlie the use of a diffei'ential * 
no confusion, it is imagined, will be occasioned to 
those who do not adopt that system. The definition 
of a differential coefficient referied to throughout the 
woik 18 " the limit of the mlio of the coi responding 
increments of the function and the independent 
variable ” 

/ 

The Syndics of the University Pi ess, from the 
funds of which they have the management, have 
contributed most liberally to the expense of publish- 
ing the woik and the author takes this opportunity 
of publicly acknowledging his obligations. 
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INTRODUCTION 

In oui succeeding investigations, the following equation 

will seveinl times occui^ and it will therefore bo convenient 

to premise its solution 
> 

As the cases of it winch will present themselves me dis- 
tinguished by some pecuhi^UieSj we shall hero qonsidei each 
of them sepal ately. 

By the notation J'q co^ 716 J*q cos n9*cosTn9+D,^c 
we mean what are usually wiUten 

f cos n9 0 d9ffcoBn9 coswifl -f-D . &c 

they are the quantities whose differenti al cooffic ients^ with re- 
spect to 9 , aie cos n9 » 0 ^ cosnS cos m9 +D, 5cc. 

1 PlioP 1. To solve the equation 

dU n I j-k 

— +».,+e-o. 

0 being a funclioii of $ and constants only. 

Multiply tlie equation by cos n&, •' 

then cosne cos . u+cos nd. 0«Oi 
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integrate the first term by pails; 
then /q cos ttd . ^ =co8 n0 ^ 


de 

du 


de 


dtb 

= coa nO , ^ « am n9 *u^n^J^Q cos n9 . ti. 


*d9 

HencOj the integral of the whole is 

co 8«0.^+71 am n 0 , tt +y() cos n 0 0 = 0 ^ 

the arbitrary constant being included m the sign of integration. 
Divide this equation by co8*?i6* 

du 

- d9 , nsinn0 4ti 1 « ^ ^ 

^hen — — ~ “1 5 — — H T^JO cos «0 . 0 =: 0 : 

COS710 cos n9 cos 

u pin 

integrating, — — — 5-5/0 cos wO , 0 ==o, 

COB n9 ^ ^ cos 710 

or tt = --cos n9 f ^ — - — - .A cos n9 . 0. 

^ C08^ fl0 

3 Case 1* Let 0 = 0, or + = 0 

(Id ^ 

then cos « 0 , 0 = 0 ; /o'cos ft 0 ©='^^- 0 ; 

•. « = cosn07^ --^=cosne(^tan «0 + C') 

Q 

= —Bin 710 + C COS n 0s 
n 

This may be put under the fornfi A co» («0 + B)^ 

n 

making 4 ^qs B = C', A sm , 

n 
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Or under the form jE sin 019+ F), 

making jEco3jF=— , EEint'^C 

3 Case 2, Let 0= —a, 

then yji cos nfl • © = “ ^ Bin ;i0 — C , 

C 


ut= cos 


»«y«G 


n 

sin 71 9 

COS^wfl CO 3^ 

C 


71 ^ 


— COS?lfl ^ ^ + ^1110 710 + 

V« COS 710 n ^ 


a C 

= “V H — sui 710 d- C cos n9, 
n n 


or s=s +j 4 coa (u6 + JB). 
n 


4 Cases* Let Q^b cos m9 D 


then J'q coa 7 i 9 * 0, or b J q cob 7i9 cos ttiS + X), 
intcgrntiiig by paita, 


mb 


= -8111710 cos W0 + D4 fo 31ll77 0.Sin7ft0 + i> 

7* n 


-am 710* coa 7710 + -D 7 ^ 0 * + ^ 

n H 


mV) 


4 g- cos n0 .cos 77104 - jD* 


Honce b c6b 7J0 coa m9 ^ D 




(771 coa 710 , am 7^04- J? -n8in7i0. cos 7716 + Dy + C 
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IMIYSIOAI' AVlHOMlMV 


«escO3/I0* 


ft < H "»»»/> “»'< r"(> 


m 


' M 


i Jl <1 


4 ih'' >‘0 


h |01W<^ 


ifr. ': 


\ im" 


<• 


t=i * ,,r(iSf/iW I I piiii I ^ 

01 ^ J , 1 iiH I n 

m — W 

6 4 Li'L 0 » a I / 

Tlu‘U (ON «(? . 0 5=s (n>H vl/f /^ hv’Mx/))! 

, , /Nin W) 

Ktj iiilogriu ^ i (f . if j ^ \ 

h /niuti^rt im I) v\iH*ittrO * •^uv I) 


u yn 

« \ 




ftiul 


4 . /* /^HWMfOiVUHuO.Vti'il) 

3'--co3;kv^I ^‘'ri ii 

2 #y ti/n in ;/W 


I M 19 f > 


I) ^M1 /^ ) 


U;/ 1 UM /f 


c 


+ *u\ nfi t tMN /W> 

/i 


I 

CiN 


J ^ iniw/f) 0 ) 

a ^ \ tuV/iU c 

(; 

4- tfid + C' iOH h(^ 

7/ 

/; A / M 1 ^ * rt"\ 

ofl — coa7i& [ roB Di 4 Inn /iP ) 

a \ u ;i a n ^ 

+ - m 7f0+ (f coji//fl 
u 

^ ? iin7/04*C" c( 
a Vn 9,fr / n 
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Or, if we include the coefficient -p-ssin D under the nibitrary 

s 4 * Ji" 


c 

constant — ^ 
71 


h e 


« = — ^ sin 4-D H — sin nO + C cos n9 

9, n n 


6 Reffiark^^ If 0 consjsled of several terms, llie expression 
for n would contain one term correst)onding to each* Tfia 
part >¥111011 depends upon the arbitrary constants, is entnely 
independent of 0 The process above having shewn wliat 
IS the form of the expression of u, vvo may sometimes solve 
the equation with greater ease, by assuming an expression wub 
iiidetermmate coefficients. Thus, if we had the equation 


(fu 

d0- 


+ + "1-& cos + JB cos qO -h Q = 0, 


W 0 might assume 


; + j 1 cos (w0 + C) + D cos mO + i? + JS cos q6 + Q, 

71 ^ 


and, snbatitutiiig this aeiies in the equation, cletorraino the values 
of D and E 


7 . When m does not differ much from it appears, from 
(4), that the coefficient of cos in the expression for 

M'lll bo much gi enter than that in the original equation* 
This remark we shall hnd to be very important. The soluUon 
in the 4th case assumes a form different from uny of the others 
its pecuhanty will malorially affect our, fntuio operaUons 


MOTION OP TWO BODIES 

8, If the Sun weie auppoaed to be nt rest, the motion of 
a planet about it might be found by the formulse for central 
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forces. In the equritioii -f w — = 0, (WliGwelPa 

Dymmtc^y Alt. 18 ) we must put foi P tlio attraction of the 
Sun on the planet, and by solving the equation, we should find 
n in terms of 9, and the form of the oibit which the planet 
describes would then be known. 


9. In the actual case of the Sun and a planet, these bodies 
move about their common centre of gravity, But tlieir rclalivo 
motion will be the same as if we suppose the Sun to be at rest, 
provided we add to the accelerating forces which really act on 
tlio planet, anotlier force equal and opposite to that which acts 
on the Siui. Foi if the same accelerating forces be supposed to 
act on both, since the absolute motion winch it communicates 
to both 18 the same, and in the same direction, iheir lelaLivo 
molioii will be the same as if that force did not act niul if 
that force be equal nnd opposite to the force really acting on 
the Sun, the Sun will be at rest In the same way, if wo add 
to iho foi cos acting on the Sun, a force equal and opposite to 
that acting on the planet, the planet will be at rest, and the 
lelative motions will be unaltered We shall generally make 
the latter aiipposiliou 


10, Pnor 2 The orbit which the Sun appears to describe 
about u planet is a conic section 


Let M — mass of Sun (estimated by the ncceleraUng force 
M'hicli its attraction produces at distance 1), M* — llint of the 
planet let then distance = r. The accolerating force on Iho 


M' 

Sun, on the law of gravitation, — -y- that on the planet 

T 


^ if then we suppose this force applied in the opposite 
direction to the Sun, the whole accelerating foice on the Sun, 


supposing the planet at rest, 


M+M' 


{M+M')u\ if 




] 

r ' 


Substituting this for P lu the equation above. 
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M+M' 


tlie solution of which, by (3), is 
«=-^ + 


+ A cos 0 H- 


1- A cos 0 + iJ , 

which IS the general polar equation to iho conic sccUons^ the 
focus being tho pole. 

11 The conic section winch n planet appears to describe 
about llie Sun, or the Sun about a planet, is an ellipse. Let 
a and e be tlie semi-axis-major and eccentricity, then 


“t; ^ H 7. Tv COB 6+ IS 

a(l~0 a(l— e) 

Comparing" tins with the oxpiossion above^ 

M + M' 1 
A" ^ "" aO-^ey 

or A ^/a (1 — 0^) (ilf 4* M') . 

13. Prop 3. To find tlie lime of de«icribing any part 
of the ellipse, or to express M^(tho mean anomaly) in terms 
of 9j (the ti no anomaly) 

(It ? ^ 

By Wliewoll'a Dynamics, Art. 16, ^ — a (in tho 

, 1 

piosont mstauco), — > ■ ■■-— — - « — « The most 

^M+W (l+eco8 0+B)" 

convenient form into w^hicb tins can be expanded, is a senes of 
cosines of multiple arcs, as 

A. + C cos 0 + il -h D cos 2 ♦ 0 + j9 + ^ cos 3 . 0 + B -f 8cc. 
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To effect thia, wc shall first expand in n aimilnr 

1 + c cos 0 + B 


rav/^ 

13 If for cos6 + £, we put — - — (ir = e % 

we have 


l+ecos0+5 ^1\ 

^ a V. 


, winch will = ■ 


(tt+/3i) (^“+^ 


if a’ + /3*=]^ a/3 = - 


From these equations a = ^ 1+6 + ^^! — ^) 

= i (\/l H-e— ^yT^) , 

V ^ _ _ . e __ 


a 1+^1 

2 


, let lhi3 = X. 


1 + e cos 0 + 

a 

l + A^l e“ 

iV 

a 

' (1+Xa) (a: + X) 

. 1 / 1 


1 4 " />/ 1 ^ c* 

' l-\’ Vl +X3' 

iv + 

~ ) 

2 

1 \ 1 

- > 

“ 1 +^/l-e* 

jl+Xa; 

1 + H 

xJ 


Expanding these fractions, and observing that 
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X -r - = Q COS 0 + jQ, + -^ = 2 cos 0 + R ficc,. 
X r ' ^ 


1 


1 'he cos 


e + ii l+s/l -c"* 


(1-2X cos 0 + jK+g\* co«2 cos3 0 + J3 + &C.) 


But 1 — X® =: 


£ ^ 2 \/ 1 


1-f >/l-' 


L, lienee 


H-ecoaS-hii ,sj 
14 Now 


(1 +<? cos 0+ /I) 
obaervmg, then, that 


♦(I— 2X co80+iJ+2X®,cos2 0 + B— d.c ) 


(* </e V 1 -I- e cos 9 + B' 


± (__1 . A _ e^(i+yN/T^^) 

/ (I -I- Vl 


we have 


')f (1 - 


^ ’ f . « ( 1 + \/ 1 — V. . 

7\ ri a — 1 ^ ^ Z ~~ (, — COS 0 "h 

)s0 + Br (l-eT I l+Vl-e 


(1+e cos 


, c*(l+2Ay • - e) ^ 

{l+Vl-c*)* 

^e=’(H-3^/V-c®) I 

(i+Vi-o J 


rtS 

15. Het|Ce 02), -r^ = ~. — •■■• — X 

<10 Jm^m' 

B 
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|l - 2e COS 6 + 5 + 


(1 +\/ 1 ~ 


cos fi 


0 + 


Integrating and correcting^ so as to make when 0+73—0, 

and putting j = rt, 


jfi =0+B— Se sin 0 + B + 


e*(l+gs/l-e*) 
(I+n/ 1 -e"')’ 


flin 2 • 0 + jB ““ 8cc- 


, 2€'’ (1+p -fi®) 

± T — , — sin » 

p(l+^/l-eV 


0H-Jiq:&c 


For a whole revolution, suppose 0 increased by Stt 
be the periodic time. 


nr—STTj 


2-7r ^ 27r 


then if T 


16 The term anomaly is used genernlly to denote the 
angular distance of that body whjch is supposed to move, from 
Its apse The true nnomalyj tlion, m the present case, is 0 + j3 
But nt is an angle which is proportional to the time, and is 
that through which, if the body had moved uniformly with such 
an angular velocity, that it would hove performed a revolution in 
the same time in which it does perform it, it would have moved 
in the lime t It is therefore called the mean anomaly, 

17 If we expand these coofficienls as far ns 


nt*^0 + B '-9,e 8m0 + J3 + am 2 


0 +73 sin 3 0+ B 

3 


18 Prop 4 , To find Q^JB in terms of nt^ 01 the true 
anomaly in terms of the mean This must be done by 
Lagrange’s theorem If y^x^x , 0 (^), then 


y=«+^.«.f + ^ + 
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rr / \ 

Here y =: 2 : + ^ f sin y — siii fij/ + — sm 3y ^ , 


S e 6 ^ 

0 ( 2 ) = 2 am z “ — am Sz + — sni 3z , 

/ <p '(zjY = (fi ffin z - sm 2r)* 

3e . ^ 

£= fi — fi cos fiz cos z -1 coa 3 z , 

2 2 


“ 3c ye 

/ — {<^ (z) I } c=4 81 U Sin z — ajn 3z, 

(j) (z)|^ =3 8 ain^Z = 6 sm z — sin 3 2 , 


9e 


dx^ 


=3 — 6 Sin z + ] 8 am 3 z , 

( 3 e ^ 

2 3 m z ^ am ^ ^ 7 

/ .3c 9c \ c^ 

+ f 4 Bin 2z + -^ Bin z ^ . am 3z^ 

e' / 

(18 sin Sz ^ 6 Bill z)— = z+ «in z 


5e^ 


IS 


+ — am 2z + — c^ sill 3Zj as fai as e“* 
4 12 


Or 


0+5 — Bin nt 


6 e ^ 3 s 

+ — 8in %nt H e am 3yU + &c 

4 12 

19 The mean anomalyj then, is that pmt of the true ano- 
maly, which IS independent of periodical terms, as sines or 
cosines Tins la the usual signification of the word tTveatif 
m ABtronomy 
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LUNAR THEORY. 


20. If tile Eailh, in its revolution round the Sun, were un- 
nccom|mnied by any other body, it would nccurntely descnbo nn 
ellipse J3y the nlu action of tbe Mooiij the orbit will be 
altered to assist us in the discovery of the orbit lenlly de- 
scribed, the following theoiem will be useful. 


21, Prop 4 The centic of gravity of the Emth and 
Moon describes about tbe Sun, very nearly, an ellipse ui one 
pinno, and the aiea passed over by its ladius vector is veiy 
nearly pioportional to the lime. 


Lot IS and jWT, (fig. U) be the Earth and Moon, 7?i llio Siin^ 
G tlio center ofginvity of the Earth and Moon, join m'IS, 
rn'M" ; and draw ISH, MK, perpendicular to wi'G, lotm'Gs^/, 
JSM=r, L mGA/— ai. Now the accelerating foi’co 

Tfi 

of w/ on E m the direction Em' is theiefore the moving 

ir 

' IS 

force in llint direction = — therefore the moving force m 


direction parallel to dm' is 


in E m'H 


i- X 




m E >*4* G-E cos 10 

ta , 

^ m\ JS (/ + GE cos w) 

f 

Similarly, the moving foicc on M in direction parallel to Gm! 

WL M m K 



m' M (r — GM, cos w) 

therefore the accelerating force on the center of giavity m tlio 
direction Gm is 
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m (E (v -\'GE cos w) M — GM cos u))) 

M in L if ^ 

And the moving force of vi on E in tliioctioii peipondicular lo 

^ , in E Eli 
Gin IS — T— . 

/ y 

m E GE sill (o 


GE sin w 


, ih\M MK 

that on ill = 72 — • — 7” 

y y 

m\ M ^ 

^ Gm am w , 

thciofore tho accelerating force on the contio of gravity in 
direcUon perpendicular to Gm la 


^E G E , am 0) » GM sui 


M^E 


22. Now = -r- , ft 

GE • C08 CO +» GEy 

/ n ^ ^ 1+coa Q(o\ 

= ^putting for C08 oi its equal -- — ^ J 

1 ( GE , GE^ /9 . \ o 1 

( 4 + 4 


r' + GE • COB (0 1 


=M 


GE 

1 — . y- COS 0) 

1 


Gri.'* /SO \ , ) 

+ *^^72“ \ 4 4 9*0;^ + <S^c.j* 
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Similarly! 


r — GM cos tt» 


+ 


GM’ 


= ;i{ 


GM 

1 -j" 2* — r" ^ 


iKt- /S O 
jr- + - CO. s 


(o^ +&C I 


But GE = 


M 


GM: 


B 


ii + M’’ ”*■" E + M ’ 
hence, accelerating force on center of gravity in direction Gtri 
'EM^ + ME' 


= ^{1 + 

^ ffi' f 

- 7^1 


1 + 


r* /9 15 \ 1 

(E+Tifr-?u+ 7 

ME r* /9 , 15 ^ \ 1 . 1 

(E+M)* +*'•/ 


Now tbis differs from only by a quantity which la multiplied 
r 

by find which- 111 tho lunar theoiy, ( wlioie =a — - 

nearly^ is quite insensible. In the same manner, we find tlic 
accoleratmg foice perpendicular to Gm 

m 3 '• 




{E+Mf 


sin 2 wy 


or 


VI S ME 

r'* 2 (M+JE)’’j'^ 81112.0), 

which, for the same reason, is too small to be perceptible in its 
effects Hence, the center of gravity moves, veiy nearly, in the 
same manner 111 which a body would move placed at G Sam- 
larly it appears, that the force on the Sun, and tiie motion of 
the Sun are the same, as if a mass = JS + ilf were collected at G, 
theicfore the relative motion of the center of gravity about the 
Sun, 18 the same as tbt^t of a mass = E + ilf , that is, it will 
very nearly describe an ellipse iti one plane, making the^ areas 
proportional to the times 
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33 Con 'The Sun^s appaicnt longitude, thorcforc, is not 
that found by the elliptic theoryj for that la Ins longitude os 
seen from G , but must bo found by adding to the longitndo so 
foundj the angle Em'G Now siii EmG or (since il 

EG 

IS a 'small angle^ never exceeding lO'O = ain EGm^ 


M 


— sin (0 very nearly nnd^ since tlic orbits of the 

Earth and Moon aio nearly circular, this angle vanes os sin w 
very nearly And if the Moon be above the plane of the ecliptic, 
the Earth will be below it^ and the Sun will appear to have a 
latitude, which can be calculated fiom the latitude of the Moon 


34 If the Sun did not attract the Earth and Moon, or if it 
attracted them equally, thoir relative motions would not be dis« 
turbed, and the Moon would accurately descube an ellipse 
about the Earth But the Sim attracts them unequally, and in 
different directions , so that not only is the force altered in tho 
direction of the radius vector, butm force also acta perpendicular 
to it And as the Moon's orbit is inclined to the ecliptic, the 
disturbing force draws the Moon from tho piano in A^hlcll she is 
moving, and thus the plane of her orbit is peipeLually changing. 
Tliere appears to bo no better mode of estimating the disturbing 
force, than by resolving it into three parts, one in tho direction 
of the projection of the mdius vector on the ecliptic, another in 
the plane of the ecliptic, peipendicular to this piojection, and a 
third perpendicular to the plono of tho ecliptic. 


36 Peop 5. To find the resolved part of the Sun's dis- 
turbing force on tlio Moon, in the direction of tho projection of 
the radius vector on the ecliptic. 

Let E, Af, 171 y (6g 2), be the Enith, Moon, and Sun 
G the center of gravity of the Earth and Moon, winch by 
Prop 4, dosciibes an ellipse in one plane about the Sun, or 
about which the Sun appears to describe an ellipse in one plane 
draw MBy EAy perpendicular to tho plane of the ecliptic , join 
mMyinBy BGA let mG~r\ AB^p^ EM — ty 
tan MGB^s Then AB la the projection of EM on tho 
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ma 

plnno of the ecliptic The foice of upon ikf is — m the 
direction Mnl , winch is equivalent tp m dn action 

!/ y 

r f 

^ ^ wi ijm 11 » y-T / 

MG, mid - in diiection pmallel to Gm, 

llesolviiig the force ~ Jnlo one pmallel to MB, and 


one parallel to BG, 


y 


m MG T,/fnr3 
the Intlei = ii — x co8iWGij=j 






/?/- Gw' ^ , 

mid lesolving the foice — into one pnrnllol to BGy and 

nnolhor perpendicular to BG, m the plane of the ecliptic, 

, VI G?re 

the tormcr — cos 7Ji GB, 

V 

Let 6 be the longitude of M, seen from G, & the longitude 

/?/ G flh 

of W then z mGB = 6 — 0' and the part ol — parallel 


to BG 


y 


v\ 


Gw' 


cos 


0 - 0 ' 


HencPj the whole force on M in the direction 5G, produced 
by the Sim's attraction, is 



Similarly, the ^^hole force on IS, estimated in the same ih 
rectioii, 13 


7 J 


JSG 


y 





% 
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If, then, in the aniTiG ninniici as in (9), we suppose this foice 
applied to M in the opposite direction, we have, foi the whole 
disturbing force on ilf, in direction of the projection of the 
ladius vectoi, 


, f JtfG EG 

“ 1777+7 77 T +7 


Gm' cos 




26, Prop 6. To find the resolved pait of the disturbing 
force, which is poiallel to the plane of the ecliplic, and per- 
pendicnlai to the projection of the radius vector* 


The only force whicli acts m tins direction on M is the 
resolved part of the foico acting p mallei to G?7i'f which 

y 


m 4 Girl 

~T~ 


sin 0 — 


(if we suppose the Moon to move so that the angle 9 mo cases, 
and if we consider the force as positive when it tends to ac- 
celerate tlio Moguls motion). And the only foice on i3, 111 the 
same direction, is 


m 


G 


Hill 0- O' 


Supposing this applied to M in the opposite dueclion, the 
whole disturbing force, perpendicular to tlio projection of the 
laduis vector 



37 * Prop 7 To find the lesolved pmt of the dislurbing 
force, which is peipendicular to the plane of the echplic 

The only force on ikf, pei pcndiuilar to the plane of the 
ecliptic, IS the resolved part of the foice 111 ilfG, It js, 
theiefore. 


C 
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m MG 

/3 

y 

m.MG 


Bin MGB 




Tlic force on E, in the anme direction, is 
^ m . EG s 

~ 7 ~ 

Applying lliia to M m the opposite direction, wo have, for the 
whole diatnrbing forco perpendicular to the plane of tlio ecliptic, 

. s /MG EG 

7 “ ^■' 1 ^ 

38. Pnop 7 To lind the whole force upon M m lliese di- 
iQctions or to find P, 2', snd S 


Besides the disturbing forces, wo must also find the foicos 
lesulting fioni the mutual attraction of E and M The nt- 

E M 

traction of E upon 21f = ^. that of m upon E= - 7 , in the 

opposite direction applying the lattei to M with its diicction 

changed, wo have, foi the whole foice on ikf, — acting in 

the direction ME* The resolved part of tins, in llie dnecliou 

of the projection of the mdiua vectoi, is X cos MGB 

; 

^ E + M 

tlio resolved pnit in the plane of the ecliptic^ perpendiciilai to 
this projection, =0 the resolved part, peipondiCidai to the 
plane of the ecliptic, 
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If, then, we put Pj 2’, nnd S, foi tlio whole foices on iVf, parallel 
to the piojection of the ladiiis, pci pendic Vila r to the piojectioix 
of the rndiua, and peipendiculnr to the ecliptic, supposing E al 
I cat, we have 

25+M 



29* We have now the vuluea of the foicea upon M in thioe 
directions, considering J3 as fixed Wo must, therefore, in- 
vestigate the differential cqvmUons, foi the motion of a body 
about a fixed centre, acted on by foiccs in these dnections 

30. Prop. 9 To find the differenfial equations for the 
motion of M about the fixed centie E 

Let JS<Y^ be a stiaiglu line in the plane of the ecliptic, drawn 
from E towards tlio fust point of Anes Mb pcrpondvcnlnr to 
the ecliptic then, np •Ei^=Moon^s loiigiUido = 0 Alao, if or, 
y, and z be rcctangiilni co-ordinates {z being perpend iculai to 
the plane of the ecliptic, and x measured on the line drawn 
lowaids the first point of Aries), 

r s= p cos 0, y ^ p m\6, z^ps 
And X, 01 the force in direction of .r, = — P co8 0 T sin 0, 

= - P sin 0 + r coa 0, 


Y 




so 
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Hence the equations of motion 




de dt' 


^ ^ ^ Z 

i2 7^9 ^ 


df 


ore changed into the following, 


_ P n _ 

de 

^ =-pl^T- 

dt^ o’ 


(It* 




vc 

Hence, .r ^ +y ^ = _ p’_^ = - Pp 


de 




But x*+y=p*, 


rf< '' dt 


and, therefore, ~ -Pp, 


or 






.(a) 


Ala .T-^ 

^ _ ^ / 


<fa!'> 


^ di ^du dt\ dt)' 
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31. These equations (fl), (ft), (c), appear to bo llio simplest 
equations to which the motion of a point can be icducod In 
their present form, however, it la not possible to integi ate them 
we must obtain equations between p, 0, and 5, independent of t* 
This la the object of tho next proposition 

312 Prop 10. To eliminate t fiom the differential equatibns. 

Since, in their present form, t is the independent variable, we 
must take some other quantity for tho independent variable. 

Let this be 0. Now by equation (ft), ^ = I'p , 


multiplying each side by p 


a do 


dt' 


” dt dt dt^ “ dt ’ 
1 d f . d6\* a 

s’TtV'J,) 


1 d ^ ^ 


•.(p-^y=A«+2/,v. 


boiug a constant quantity , 

.do 


lienee = \/^+2 /iT'o* and-^ t= -7- -^ 

I' dt V T /tf / , , ^h*+2f,Tp 
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this = p 


dp d0 

Now, to Uanaform equation (a), \vc obsoive that ^ 

Jo 

(Ip 

d^p tip do 

then -ij- =3 ^ — 

df dt ^ 

(10 


I 

JL* 

dO 


(Pp d£^ d^t 

W (W J¥ 

dt 

Jo 


(fp ^ (^J^ 

dff^ d O dO^ 

dt\^ * 


Now 


(±)" TEy clL\ 

\ddj J \dQ/ \de/ 

A® fi 




\deJ 


(llffciciUliUliig, 5 - + 2/fl7'p‘) ^ 

( "*\ P P 

■/ ^ 

^(A +Wp) + -,/0 




Also 


-^)( 


r'bi. 

9 ) 9 ' 


my ^ 1 ^ A*+2/,a'p^ 


G) 


.r/e 
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h^ + ifcTp^ 

‘^Km) = — 


Svibalitiitiiig llicae values, the equation (a) becomes 

f'ii „ (if)' ' 

i dtr \ii«/ 

p’ ~ p-‘ 




I7- 


_ iV h^ + zfeTp'^ _ ^ ^ 


If « 


1 


dn 

d9 


dp 
dQ (fn 


{^p 


P 

dps ® 


da-‘~T* 


YM') 

\de/ 


p ' au p 

By tins subslilutiou, iho equation becomes 


du 


(-S-) 


01 355 +» - 


T du 

i?’le 




0. . 


{< 1 ), 


33. Ill llio same innmior, in equation (c), inatoad of ■ , 


(£jjis) 
di‘ 


we must put 


r2® (ps) rf (ps) iVt 

d&' _ de 'dF^ 

('ity ' 

\d6) \dd/ 


c? (ps) ^h^^9.f,Tp^\ cHps) dp a Wi'* + 2 /,rp\ d(ps) T 
’’ do^ K p^ / de dep\ p* cie p' 

i 

\vlnch clmngcs the oqufition to 


^{ps) 3 dips) (lp\ /■}i'-]r9ifoTp\ , fl(pa) T, ^ 

rd^^}'~drd 9 ] J'^^-~p'^^ 


0. 
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Let jO = - , 


d (ps) _ 
d6 


<D 


d6 


(Is 

u 


du 

d9 





tilao - - 

d p 

du 



P 

Jd ^ 

?1 dd' 



Q, dp d(ps) 

ds du 

^do de 

/du\^ 


' p d6 

(I& 

«" 

»* ' 




d s d« 

/d«\* 

And 

(p(ps) _ 

\ (f s 

de 

(d^) 

(i9^' 

It d9^ 



substituting these 

in ihe equation^ 


<l d* j 

<i’d0* 

s d®w> 

" 7’dey 

|«-.(S'+4A|) 

^ \de u 


T? ’ 


d* s d*u H* Vm* d9 M'* d6y 

“S* 




= 0 


But, by equation (d), 
d®H 


( 




Pi 2's dit 

, , “ dO ^ 

+ 5 ?iH =0 


A® 4 -« 


r T 

\/o - 
•-' 11 


Adding this to the Inst, 


. I i* 

d’s «“ (19 

« +*”+ ^r-;5T— =0. 


A' + eyj- 

ty 



i:.UNAR THEOREM 


86 


c? s 

or ^ + 1 + 


S-Ps , T (Is 

.3 S 


?{* rf0 


A' +2 


^ 'll 


= 0 


.(e) 


34 By the solution of the two equations (d) and we 
must cxpieas u and s iii terms of 6, winch will givo iho form 
and position of the orbit The time of dosciibing any part 
will then be found by integrating the equation 

dt 0® 1 


^ u 

P T 

36 Prop, 11 To expand the expressions for -y, 

, S-Ps 
and ; — 

Tlio expressions foi P and T were found in Prop 7 * and 

S-'Ps^m cofl (0-0^) * 

NoWj ^m*A] -f (fig 2) 

+ cos 0 — 0 4“ G-A^ s** 

77 J P 

iixpanding as for ns ( J j 

= i { 1 - 5 ^ + 7^ (i + T «'9=e')} ■ 


3/ 


M 1 




M* /»* /9 ^ ^ 
(iS+Mr^^v 

D 


^ — C08 30 

4 4 
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Similarlvj — 


’ico.Slfl-e')} 


1 
f 




Hncoj cos 0 — 6^ 




Cro.s=r.H 

Bin 0 — 0' (^-73 ;3^ 

V y ^ 

/sia + jj+jif*,.'* (i 


COB 3.0 


'3 ■ ] ^ 

0— 0' + ^SDT 3 


.0-0') 


y a Af 

And since EG = AG \/l + s = — - -l -p 
E 


x/T+ 




^ 

and mg= ^ 


find 


1 /JM'G , JEG\ p f E-^M p TP' 

'-r—=^ \ — -f- — ) — “75 ( 1+3 ^ T CO® ^ "" 

^l+s*'y 3^ ^ ^ JE + Af r 

neglecting poviors of p above the square 

Siibalituting those valuesj putting E + M=p, and expm 

rr iT^ s T "* 

(l + sj» ' . 
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a? 


p" \ 2 8 / 

-m' % (i+ -0082?^) +^::^ 4 (-co8 0^+~cos3^')'1 
(j'’\2 2 y M » '^3 8 /) 

T=~m {^. ^,31112 0—0' + ~ — ^ (^- 81110—6' H — ^3111 3 6— , 
U j “ n J '\8 8 / j ’ 

* <S— Ps = m's . ^ " COB 2.0 — 6'^ 


Now, putting - fot pf and ^ for /, we find, Rt lenglli, 

P /, s , 15 

„T=p(l-5*+ jl') 

^=,.4^ (-^ + ^ 008 2^') C 


36 It apponre^ then, that upon aubstitiiting tlieae values in the 

cl^ii 

equation (cl), it will be reduced to this fomi, + tl + II e=0, 

Clu 

n being a complicatocl function of a, 5 , and 9 No method 
of directly solving such an equation is l<no\vn but vre have 
seen m Prop 1, that it could bo solved, if II wore a function 
of 0 only This suggcBts the method of solving by successive 
substitution, Find u vnluo of u in terms of 9j winch is iicnily 
lliG tru6 one subsUluto this value foi in the terms of smajl 

magnitude, 11 will Ihcii he a function of 0 only, nnd the 
equation may bo solved, and a moie upproximnto value of u 
fopnd Subatitiite this loi u in II, and again solve the equation, 
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and a valiio will be found still ncnrer the truth, pjocoed in 
the anrae manner to hnd llie value of 5. 


37 But, m order to carry on tins piocoss with fncilityj. it 
IS iiecessoiy to eslublish some lulo with regnul to the com- 
parative value of simill qiiinitities^ so thut, ii\nig upon some 
quaiUit} as a atundurd, our ^hist appiojcimniion may ni elude Ita 
hrsl power, and ilia first powers ot qiiantUica neaily as gient, 
oui second approvimahon may comprehend us squaie, mid tlio 
squares of the others, and the pioducls of any two, 8cc. Thus, 
let e be the eccentncity of tho lunar orbit that of the sohu 
orbit h the tangent of the mean inclination of the liuini otbit 
to the ecliptic m the mtio of the Siiu'a mean motion to tlio 

Moon's mean motion Here e= nearly , e = — , A, 

QO 00 ISi* 


— taking e, tlien, ns our standard, e, A, and my arc small 
13 

quantities, not differing nuich in magnitude from e, and mo 
therefore said to bo small quantities of the first 01 dor But, 

- or ~ 13 little more than . and therofoie admits bctlei of 
7 11 400 

being compared witli than with e it is on that account con- 


sidered to bo a small quantity of the second order c, 

r 

&c would be called of the third order, Sec. 


38. ' It 18 of impoitance to dolormino what la the 01 dor of 
the disturbing force on tho Moon, conipnred with tho force 
which J8 indepeiuloiit of tho Sun's action Upon exiimining 
tile expressions for P, T, and S, it will bo seen that tho 

mutual attraction of the Earth and Moon is expressed by , 

P 

while the disturbing force is given by a multiple of We 

must tlierefore find the order of ^ , os compared with 
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.m fi 

01 or compared willi -g Now, by ( 15 ), if T be the hue 

T p 

of a revolution of the Moon about the Earthy in a cncular 
oibitj (the disluibing force nml the elhpticity being very stn^ll) 

r 2 TT ^ ' 

— j=~- neaily and, if T* be ihe time in which the system 
V 

of the Enith and Moon (supposed very small in comparison 

S TT 

willi the Sun) revolves round the Sun, — 7— T' neaily 

V 


m /ji 


1 1 


wr i 


and the disturbing force is of the second older 

39 Enop IG To nUegiato the differential equations, Cl's! 
DpproNimation 

We propose hcio to include small terms of the first oideri 
Since the diaUirbing foice is of the second older, ^ve shall not 
lake uny teims aiisiiig fiom it. Thus, we have 


P 


,3 “ ^ > 73 “ ^ 


and the equations {(T) nnd (e) become 

^+« A^~°' <19* 

The solution of the first is 


+ s = 0 


« = {1 + G COS (0 a)} =« {1 4- c cos (0 ^a)}, 


putting 7-4 — ^ of the second, 

fv 

s — k sin {6 — 7) 

The first shews that the Moon’s orbit is nti ellipset the second; 
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that the tan latitude = I sin longitude fioin node, and there 
fore, that she apparently moves m a gieat circle 


40 PfifOP. 13 To integrate the diffeientiol eqnalionsj ae- 
cond approximation 

As terms of the second older aie to be included, wo ehail 
here have the first terms of the disturbing force 


therefo.o= m (l ~ - * ) " — ^ ' 


T 


a f '3 

3 mn 


8111 2 0 ^ 6 ' 


S-Ps 


= 0 , 


We have just found foi ti the expression (1 +e cos 9 — a) ; 
but it 13 evident, that in the aubstituUon of this vnluCj tlio 
terms containing e will be ot the llnid order. Wo shall there- 
fore for n put a and for u shall put a {a in the Sun^s orbit 
corresponding to a in tbe Moon's) Also, for ff we shall put 
the value which it W’ould have, if the motions of llio Sun and 
Moon were both unifoim, that is, — /3, — /3 being the 
Slinks mean longitude, when 0=0. Thus, 



T 


“S 


n 


3 ma ^ 

;; — 4 ~ • sin {2 - 2m) 9+2 

2 a 

S^Ps 


41 In tins and surceediiig npproximntions, it will be found 
most convenient to put the differential equations {d) and (e) into 
the following foim , 
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cTjt 

S 


, , /d’ji \„rT P T (In 

V A“w' ■’■ dd 

■*■* Ge* V ®‘>' ^ /i"u= ■'■ A»u 8 ■'' dy 


Now, with the assumed value of u, 7 ^ + ii~a, 

a, u 


r T 

hUa ~ 


f fZ 

ma 


7 cos (2 — S m) 0 + 2 /3 


k^ 2(2-*27») 

a f ^5 

3 ma ^ 

^ j2^ (2 — 2 fli) 0+2/3^ 


(since the preservation of w, m thq deiioimnator, would mlro*- 
duco a term of the third orcloi) 

•• Cts’+V v» iv'i jv 


Then 


-T 


2 

3 A® 3 ft® 


-r / 3 /r 3 r •;; \ 

^=-“ 0" v^T “•‘■s-'v; 


+ ^ (5 + j o»>(*-2«i)6+a^) 


A , 2' 

And -Tj— s — ^, since -— involves e, is of tlio third order. 
h u dd dO 

Hence, the equation becomes 


d*» 


Sk^a . 3 A* a 


4 ' 9,1^ a 


4 


cos 2 , 0—7 




+ 3 -r~f COS (2 — 2 w) 0 + 2 /3. 
/la 


The integral of this equation gives, by (4)^ n-^ 



3$ 


PHYSICAL ASTRONOMY 


3i-a m'a^ 


2 AV 


+ ae cos 9~a — 


3 k^a 

4(^ 


cos 2,0— “y 


3 ma^ 


/t’'a®(2-2m“— I) 


co8(2-2w)0 + 2j3) 


Oi , takiug the last tei m to the second order only, u = 


3 ma^ 


k*a 


2 AV 


+ fleco80— a coa2 0 — -y 


ma^ 


+ C03 (2 - 2 ffi) 0 + 2 /3 


771 


To take away “ , we observe that d and a are neaily the re- 
ciprocals of r and p, which occur in (38) and, since 

^ i A 

r 

* /3 

1 ^^5 5 3 ffl d qM • 

we have /a * a , -wr 75 =nra, 

ha h 

Thus, the value of u becomes 

r 3k^ fd \ 

3 — d-ccosfl— a— coflfi 0— 7H-??i^co8(2— 2m)0 + 2/3j 


The Value of s is still k sm 0 — 7^ all the terms 'of its equation 
being of llie third order 

42, Prop. 14, To integrate iho differential equations^ 
thud approximation 

Since the disturbing force is now to be taken to the third 

/ *3 f fS tR R 

, . , . Diu ma ^ 

order, the value of > or ’'’^I’oh occurs in 

P 

, must be taken to the third order, and as -n-r is of the 
^ w ha 
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second ordeu and inust each be cxpanclod to the fiist 
u 

powQi of and c Putting foi u tlio value found in Pi op 12^ 
namely, a (1 + c cos 0 *-- a), 

— - 

= 1 — 3 e cos — a 
n' 

We will stop a moment to consider the effect of this tei m 

43 In consequence of the intioduction of this term, oui 
equation will have the following form , 

(l^i 

0 = ~ -f- li + 8 lc +A cos 0 — a + 8cc. 
ciu • 

Its integral iherefore by (5), will contain, in the expression 

for w, Qne term of the foim — 0 am 0 — a The peculiarity 

of tins term is, that while all the vannble teims winch have yet 
acquired, being ^iriea or cosines, woio peiiodical, and never ex- 
ceeded a ceitain value, this tcim coiUauia a factor 0, which 
admits of increase without limit, and the value of the term, 
instead of being coniinod wtthiu ceilnin limits, may bo of any 
magnitude Our assumed expression then for 21 , vi/,, 

a (1 + e cos 0“a), 

was not approximate pne, smee terms be added tP it, 
whose value may exceed its own ; and, as the opeiations of iho 
last piopositioii were earned on upon the supposition that the 
assumed valuo of u was ncni the truth, tho results of these 
operations fall to the giound. 

44 But a slight alteration in the form of oui assumption, 
will extuento iia ftom this difficulty^ If wo assume 

u—a (1 + c cos c0 — a), 

und suppose c to differ vciy little frpm I, 

E 
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then + 11 = a (I H- 1 — e 4 cos c6 ^ a). 

( 16 * 

which, ns fRr as quantities of the first older, = a; and therefore 
the equation used in Prop , is satisfied as well ns it was 
belore# And the equation of this proposition, viz. 



0 = -3715 + « + 8cc + A cos c0 — a + &c. 
du 


or 0 = a (1 + 1 — e cos c0 — a) + &c A cos c0 — a + 8cc 
gives, by the companson of coefficients of the snmo cosine, 



and there is now no arc in any part of the expression for n 

46 Suppose, now, we substituted a (1 -h 6 cos c9^a) for 

P 

if, m the expression for (f) The second term depending 

, 1 , i. ^ ~7i Tii 

on the diBturbniff force, is — • .-;rr-r cos fi * 6 — Now u\ 

a A It ** 

being the reciprocal of the radius vector in the elliptical orbit 

which the Sun appears to descr ibe about the Earth, will bo 

expressed by (1 + e cos S'— ^ being the longitude of the 

Sun's pengee And as & ^mO — ft, nearly, by (40), 

= a (1 -h e'. cos fn0 — /3 ~ ^), nearly , 

* 

. g'^d + e> COB mB - 13 ~ (f 
a® (1 + e cos c9 — a)" 

fl'a , 

— (l+Sc cos jS— 3c cos c0~a), 
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neglecting c’j &c. m the expunsioii* Hcnccj the toim m 
question 

3 ( 1 ^ 

— •-. (l+3c cos — 5;^— 3c cos a) X cos 3 9— . 

2 AV ^ 

Now cos 2 ♦ 0 — - 0' = cos (2 -- 2wi) 0 + 2)3^ Hourly , undj con- 
sequently^ the product of cos c0 — a, a nd cos 2^0—0^ wiU 
contain cos (2— 2w+c)0d-2)8 — a, and cos(2 — 2wi — c) 0+2j3d'a. 
But wo have seen in (4), that upon solving the equation 


0 = — — + u + &c, + A cos h& + 
(tu 


there will bo in the expression for u, n term 



cos 60 + Ur 


If then b difFeis little from Ij theie wdl be a Inige term in the 
vuluo of u. Now — c la in tins case , for c very nenily 

= 1 , \ 2 — 2m -- c = 1 — 2m, nearly , (2— 2m — — 1 

= — 4mj nearly. And, since tliia term in the differential 
equation is of the thud oidoi^ it will rise m the value of « to 
the second order. Our integration thereforo to the second 
order is not coirect, and wo must lepeat it, exaiinnmg nil tlio 
terms of the ihnd order, and not rejecting those in which the 
coefficient of 0 is nearly = 1 


46 


We may also lemaik, that the first term of 




whicli 


results from the disturbing force, 


1 mu^ 

2 


will contain 


cos 0^ — ^ or cos 7710 ^ ^ ^ ^9 nearly, miiltiplied by a quantity 
of the thud order* Since m is not nearly = 1, the resulting tomi 
in the expression for u will also be of the third order But 
when, after determining we proceed to integrate the expression 
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iipou expanding tins ft action, lllero 


Will be one term C . coa vi 9 i 3 — C b^iiig a quantity of 
the tliird orderj the integral of winch will give, in the expression 
Q 

ftif A term sin wS — iS ^ T, the coefficient of which is of 
m ^ 


the second order' Now the principal object lu the lunar 
theory, is to find 9 m terms of t, for which purpose, ^ must be 
found in terms of 9 , It will be proper, llien, to include in our 
equation all those terms of the third older, in which the coeffi- 
cient of 6 IS amftll, as well as those in which it la nearly = 1 

47 Upon examining the equation for (Z), (Ait 41 .)? 
will be seen, that the same remarks apply to it, as to that which 
determines u. In stead of taking $ = k Bin 6^7, wo must take 
am 56—7 and must pieaervc, among the terms of the 
third order, all those irt which the coefficient of 9 is nearly = h 
We shall now integrate our equations accurately to the second 
order. 


48 Pr op. 16 To find the value of 0 — 0 ^, sin 0 — 0 ^, 
and cos 6 0—0' to the firit order 

Since these in everyplace in which they occui, are multiplied 
by a quantity of the second order, we do not want to find their 
values to a higher order than the first And to find 0' in terms of 
0 to this order, we must find t m terms of 0, and 0' in terms of t. 



which to the first order ^ — 

_ _L ] 

ha^ (1 + e cos c0 — ct)® 
_ 1 

(i 2c cos c0 — a) 
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jntogrntmgi nnd supj^osiiig wlieti the Moon^s raeau lon- 

gitude = 0, 

1 ^ fie 

i = -pi (9 am c0 — a) 

ha « 


= TT sm cQ — a). 

it CL 

Also by (18), (obsemng that is there the Sun^s mean 
niioinaly) ns tlio Sun^s mean motion since t was^O, is nt, nnd 
therefore lus mean longitude =3 nf — )3 (— j3 b^ing his mean 
longitude, when t = 0 ,) nnd his mean anomaly, consequently, 
— — j3 — we have hia true anomaly 

— /3 — ^ + fie' sin nt — ^ 

/. O' =5 Sun^s tiue longitude 

' = 7?^ — /3 + fie', sin — /3 “ 

Now nt — (9 — fie sin c9 — a) — /3 

na 

01 ; smcQ the coefficient of 9 must be m, 
fit — m9 — /3, 

(neglecting — fima, sin c9 — which is of the second order,) 

. sin ni ^ /3 ^ = sin tnO — /3 — 

9^ = t 7 j 0 -- j3 + fie'» sin w9 — /3 — 
nnd 9 - O' = (1 - 771 ) 9 + /3 - fic' sin m9 — /3 - ^ 
fi . 9 - (fi - fim) 9 -h fi^ - 4 e sin tnO - 0 ^ 

49 Wo have now to 6nd to the first order 
Bin {(fi — fim) 9 + fi/3 —p}, nnd cos {(fi — fim) 9 + fi^ — p}; 
p being of the fiiflt ordei. 
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Now flin {(a — 2m) 0 + 2/3 ^ p) 

= sm (2 — 2m) 9 + 2/3 cosp coa (2 — 2m) 0 + 2/3 ein^;. 

But cos p diflFera from 1 only by a quantity of tlio second ordei, 
and smp diflfers from p only by a quantity of the third ordci ; 

. sm {(2 “ 2m) 0+2/3 -‘p] 

= sin (2 — 2m) 0 + 2/3 — p cos (2 — 2m) 0 + 2 /3 • 

which, putting forp its value 46 sm m0 ^ /3 — gives 

fiin 2 0- 0' = sin (2^ 2m) 0 + 2/3 

— 4e' am m0 — /3 — ^ , cos (2 — 2m) 0 + 2/3 

am (2 — 2m) 0 + 2/3 — 2e' am (2 — m) 0 + /3 — ^ 

+ 2e'. sin (2 - 3m) 0+ 3/3 + 

Similarly, 

cos 2.0 — 0'= Cos (2 — 2m) 0 + 2/3 — 2e'. cos (2— ^m) 0 +/3 — ^ 
+ 2e'. cos (2 — 3 m) 0 + 3 /3 + 

p 

60 Prop 16, To find the value of to the third order. 

hif 

The first part is ^ (1 — « 


. , 3ft^ , 

or a U “ — + ^^0-27) 


The second part is — 




2AV 




Til a 


2AV 4-fi cos c0 — a) ^ 
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(1 + 3e' cos 3e C08 c0 -- a) 


== as in (41.), — . (1 +3e^ cos mQ — /3 — ^ “ 3e cos cQ — a). 

Since the coefficient of 0 in the first ore is Binall^ and in tlic 
second, is nearly — 1, all the terms must bo pieseivod 

The third part is 


3 m 

— . -fT-r • ® 

S /tV 


9 --ff. 


01 



+ S<^ COB mO — /3 ^ ^ 3 c cos t.9 — ct) 


X {cos (2 — fiTTB) 0 + 2/3 — ac' cos (a — ?7z) 0 + /3 — ^ 
+ 9 ,^ cos (a — 3 «i) 0 + 3/3 + ^}. 


Multiplying together these soiios, mid setting down all tho 
terms of tlio third ordoi, we have 


3c' 


cos (a - aw) 0 + a /3 + —cos (a- w) 0 + i3 ^ ^ 
a 


3e 


4- — cos (a — 3ni) 0 + 3 j8 r 

a 


3 . 

— ma 
2 




Qg 

008(2— 2t»+c)0 -1-2/3— a 

a 

— 2r ^ aw— c) 0 +a 

a 


I — ae' cos (a— m) 0 + /3 - ^ 

[ + ac' cos (a — 3w) 6 +33+^* 

Of tins the only part which must be preserved, is 
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3 , , - - - 

— 2 jqoa { 2 — fiw) 0 rf 2^3 -r- — CQS 


The r^w^^niDg terras gf 7^^ arg of the fourth ordgr ; Iiquce, 


our value of 75-7 la 
/rw^ 


Sfe’ , 3 i^ . 

C 5 (1 — 7 + "7 2 g 0 '-a 7 ) 


— {l + 3e'co3 /3-r^-,35 CO8(,0-a+3 C03(2— 2»»)^ + ®/^ 

A 

-/ ^ C03 (2 --^n* — ^ 6 + 2/^ + a} 

61 . Prop 17 To find the values of 7^, C. 7^^ 

AV ' J 0 /t*H® 

(.5^ V V<?' AV-5^. to the third order. 


Tlie only term of to be taken here. 13 
ft M 


3 *»'«'» ^ -2— s, 

^i'AV 


(the others being of the fourth order)j 01, na in (50), 

3 ^ 

— (l + 3e' cos »i^’-/3-^-4ecosc0-»c()X 
{ am - 2e'. sin 0 +/3 i-' f 


+ 2b' sin (2 — 3m) 04*313 + 0* wlimh 
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3 » 
2 


Sc 


sin (2 — fiw) 0 + 2/3 + sm (2 — m) 0 + /3 — ^ 

*Zi 

3e' 


Biw (Q, - 3m) 0 + 3 j3 + ^ 

2 


- Qc sm (?ii— + 0 + S/3— a 


- sm (2 — 2m“c)0 + 2/3 + a 


9,6 sm (fi — ft^i) 0 4- /3 — ^ 


+ 9,c' am (fi — 3w) 0 +3j3+^ 

T n T 

Snice and i are not multiplied by any circular 

/iV AV 

functions, whose coefficient la not small, We shall, at tins stage, 
reject the terms of the third order, in which the multiplier of 0 


differs much from 1* Thus, 


T 


— 5 m® |sin (S — 2m) 0 + 2 — 2e sm (2— *2m — c)0 + 2/3-f-a]:. 


52 Now, since « = a(l+ecosc0 — a), 

du 


= — cflc am c0— — ac am c0 --a, very nearly , 
du 

^ ii 3 -- 

TTj • "Ta = {c 08 (2'~2«» — c) 0 + 2/3 +o 

A tr 4 


C03 (2 — 2w»+c) 0 +2/3 — a} * 

% 

The only term to be preserved, is 


- am*« . cos (2 — 2fn-^c) 0 + 2/3 + a. 
4 

F 
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C08(2-2^)e + 2/3 

Qq .\ 

cos (2 - «w — c) e + 2/3 + aL 

^m — t ) 


whicbj taking to the aecoiid order only tlie teini that will not be 
increased by integration^ and taking the othei only to the thud 
order, la 

g 

cos (2 — 2frt) 6 + 2j3 — fie cos (fi — 27?i— c)0+2/3 + a} 
fi 

And + Wj to the first order^ is a , 

(10 

® ClW ^ (2-2m)0 + 2^ 

— 2e C 08 (2 — S,m — c) 9 + /3 -f- a} 

64 Prop. 18. To fomx the differential equation for u. 

Collecting the teiins, and substituting them in the equation 
of (41 )j w6 hrtve 



= Sn^a cds (2 — 2flj) 6 + 2/3 

— 2e cos (2 — 2»}~fl),6+-2j8 + a} (Prop. 17) 



3k* 3k* 


m*a 


O JIu Oft T : T7i a 

— + -J— cos 2 g 6 — 27 ) + 

4 4 " fi 
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fit Lit t Tv 

+ (3c cos Sc cos cB^ a) 

2 


+ ~ {3 C03(a-2ffl) e-|-2j8-~cos(2- 3w~c)0+ 3^+a} 

X % 


9e 


(Prop 16 ) 


T du 


= + - w*flc . cos (S*' 2m— c) 0 + 2j8+a. (Piop. 17) 


Tnking the sum, by (41), 
(Pa 


^ (I'll , / 3 A’ m\ 

0 = + « - « ( i ) 

d6* V 4 


3m“ac 


Sfc'a 


cos c 0 ~a cos 2 g 0 — 27 


15 


+ 37?i^f . cos (2— S 772 ) 0+li/3 n^ae cos (2— Sm— c) 0+2/3+a 


3 n f 


+ -nrdc' cosmfl — /3 — 


66 Pnop 19 To integrate nccuialoly lo tlie second oidci 
llie difFcieniml equation foi u 


Assume 7 ( — a ■[ 1 — +e, cos eg — a 

^ 4 2 

+ il cos 2 ^* 0 — 27 + Ji cos {Of — 2 m) 0 + 2/3 

+ C cop (2 — 2 m — c) 0 + 2/3+ a+P cps m0—/3— 

according to the duection iii (6) 

Substituting lluM value in the difTerculml equation^ and 
making = 0 tlio coeflicietit of each cosine^ 
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. 3»»*ae 

ae(l~cO = 0} 

A 


fl _ - 3m^ 

• 0 ^ , c-l nearly 


fl-4 (l-4g’) — = 0, 

4 

3 A;* /^* 

* ' ^ ~ 4(1— 4g*) ~ ~ 'i ’ 

n-B (1 — 2-Sml*) + 3ffi®a = 0, 


2-2«P-l " 


flC (1 — a ^2W“*cj®) — — 

^ _ 15 t?j®e 15 m*e 


(since c nearly = l) = — me, nearly 
8 

aD (l — wi®) + - w®ae' = 0 , 

2 

. ^ 3 «»V 3 , , ’ 

And ^ therefore = {l h c coa cd — a 

4 2 



cofl Q,g0 — a<y cos (2—. fim) 0 + 2/3 

15 3 

+ jmfl cos (2-2fn-c)61+2/3+a-^m®e'. coflm0-/3-^}, 

66, Prop. 20. To form the dlfierential equation for s. 
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s, as wo have observed j will be nppioximntely leprescnted 
by ft sin 7;, wlieiQ g difteia little from 1, ilie difference, 
which la caused entuely by the diatiubing force, being of the 
second older Hence, 

d^s 


^g(5+s, or ft(l -g ) aing0--7 

will bo small, of the third ordoi consequently, the tonn 
rcPs 


/cPs \ P T 


in equntion (/) of Art 41 , will bo of the fifth ordei, and is not 
to bo considoied 

S-Ps 

"W 


m'a'“ (1+e co3>n0— /S 3 - — 

= 7^ ./c8iiig9-7.( r + "COB 2.9-6' ) 


(l + c cos cO — ay 
mV* 

Now tj— 7 k or m^k, form a product of tho third order hence, 
ft ft 

in tho quantities winch mulliply them, all small terms are to 
bo rejected , 

. 3 =m^k 8111 g0 — 7 + 2 <^0® (a— 2m) 6 + 2/3^ 

( 3 ____ 3 — — 

^ singfl ~ 7 + 2 2t»-hg) 0 + 2 j 3 — 7 

Q 4 

— ^ sill (2 — 2 m - g) 6 + 2/3 + 7^ . 

Tho only terms to bo prescived aro 

(3 3 

^ 8ing0 — 7-^ ^ sin — — g) 9 + a /3 -j- •yj , 


d s — - — • — 

■73 ca/cg . cosg0 — 7=:/f . cosg0 — 7 nearly, 
(ftf 
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Avhich 13 of the first order , tnking therefore tlio first term ouly 
T 

ot the expression foi , that is, (51) 

g 

w®. sm (<2— 2 m) 0 + 2/3, 

have 

!r ^8 3 - - 

Co8g0 — 7 8m(a-2??i)^ + 2^ 

3 ■ 

— “ {sin (2— 2m+g)0+2/3 — 7 + 8 ni( 2 — 2w‘“g)0+2/3+7} 

4 

The only teim to be preserved is 

3 

— h sm (2— 27»'-g) 0 + 2/3 + 7 

4 

Collecting these parts, the equation of (41) becoraos 

5 3 - ^ — — 

0 = . sing 0 — 7 — siu (2 — 2 m— g) 0+2/3 +7 

57 Prop. 21 To integrate the differential equation foi s. 
Assume s = A (sin g 0 — 7 + A am (2 — 2m- g) 0+ 2 / 3 + 7 ), 

and substitute in the equation above then, making =3 0 the 
coefficient of each sine, 

3 

kA (1 — ^ — 9,m - gl*) — “»i®/c = Ot 
3 wi* 
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m 


3 m® , S m 

“« neaily * “ — nearly — — y 

2 ^ 2 4m 8 


. s = fc ^siiig6 — <y-|- sm(2 — 2m — g)0 + 2^ + 'y^ } 


to the second order 

68 Prop, 23 To find t in teinis of 0 to the second 
01 del 


to the ae- 


. dt 1 

Wo must expand ~ oi y ^ ^ 

A«*V i+Vo^ 

cond Older, preaemng those terms of the third oidcr in wlncli 
the coefficient of 0 is small Putting then for u the value 

found in Prop 19, and for value 

m Plop. 17, 

1 r . 3^^ « ^ ~o — 

; = ^ |l + ^ +m^^^eco3c0-a 
' Aa^ f 2 


dt 

Tie 


3 3 • A- — A 

H 1 COB 2^0 — 2a + - cos2g0-fi7 

2 2 2 


A'* 


— 2m* coa(2 — 2m) 0 + 213 — me cos(2 — 2m c)0+2/3+a 

4 

+ 3m*c' cosm0— /3- -m* coS (2 — 2ro) 0 + 2/3| . 

IntegraUiig this, nnd Inking the coefBcieiits to the second order 
only, 
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— tn* sm (2 — 2 ffi) 6 -f 2/3 

a 

— ^ sjn (55 — 2m — t) + 2/3^-a+3 W sm 


— Tir- — 57‘='’ 

'+- +’” + v 


pt=z0^g,€ sin c0 — a + — sin 2 c0-^ 2 a 

+ ^ sin 9ig6 ^27 — ^ m^aui ( 2 — 2 w) 0 + 2/3 

— ^ me p 8m (2 - 2??i— c) 0+25 + a + 3wc\ sin m0 — /3 — t 
4 

69 Prop. 24 To find 6 in terms of t to the second 
order 

TIu 3 must be done by Lagrange's theorem. Applying it, 
wc find 

5 

d=pt + 2e » am cy?^ — a+ — sm 2 c;}^ ‘-2 a 

2 2 

— ■— Sin — £ 7 + — m®. sin ( 2 — 2 m) + 2/3 


+ — me . am (2 — 2m — c) jit +2/3 + a— 3mc'. sin mp^ — /3— ^ 

60 . Prop 25, To find an expression for the Moon's 
parallax. 


The Moon's parallax varies mvetsely as her distance, that 
I 

la, It oc 
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1 M / i‘\ 

STT i 01 ; — TT y or M I 1 I , 

pTT+T)*’ (l+s’)i' V 2/ 

/ A.** , fc* \ 

or « — + — COB 2g0 — 2 7 ^ . 

Taking for « the expression found m Prop pnialla^ 



1 — /c* COB c9 — a-\-m' cos(2“-2f«) 0 + 6/3 


. 15 

+ — OT e . cos (3 — 2 m - c) 0 + 2 /3 + a J 

or, if P be the menn paralInXi that is, ihnt part of the ox- 
prosaioii independent of cosines, the parallax 

=:P +e cos c0 — a + m’ C08(2 — 2?n) 0+2/3 

15 V 

+ — me I cos (2— 2»4 — c) 0 + 2 /3 + a ) 

8 / 

61* Prop 26 To explain tlio effect of the different terms 
in these expressions* 

The first and greatest inequality of parallax is 


c cos c 

This, though similar to the inequality whidi \'i'olild Uxlst in an 
dhplic orbit, is not exactly iho eamCj but it would be the saino 

if it depended on the angle 0—2 instead of c (0 — 2^, L^t 

c V c/ 

then EA, fig 4, be the Moon’s least distance EM any other 

distance zA£Jlf=0— let AmB be an ellipse, whose 

c 

latus rectum is ^ , and cccentncity e take i A Em = c x ^ AEM 

(c beings < 1) : fhen> EM will = JSw* For 

6 
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(1 -he Gos AJim) =fl(l +ecos — a) = 

Hm 



If now an ellipse aMb be deaenbed similar and eqnnl to 
whose major axis a 6 is inclined to AB, at an angle equal to 

fiiEMf 01 (1— c) (^- D , M will evidently be found in ita 

circumfeiencej and the arc aM M’lll be Hence, the 

niblioii ot M may be represented by supposing it to move in an ^ 
ellipse, and supposing that ellipse to revolve in the same di- 
rection with ail angular velocity, which is to the whole angular 
velocity of M os 1 — c 1. The peiigec of the Moons oibit 
therefore is not fixed, but (while we neglect the other terms op 
the parnllnx) moves almost unifomily in the duection of the 
Moon's motion (Newton, Prop 66 Cor. 7 ) 

62 For the explanation of the next term, 


in*. cos(2-2?/») 0 + 2/3, 


wo obaervo that (1 0 + /3 (Piop 15) is nearly the diifcr- 
ehce of longitude of the Sun and Moon, and consequently, 

cos (2 — 2 m) 0 + 2^3 


13 greatest, when the Moon is in syzygies, and least (01 has 
Its greatest negative value), when she is in quadratures, and 
between these situations, it has all the intermediate values. 
The Moon's parallax therefoie, setting aside the elliptic In- 
equality, IS greatest in syzygies, and least in quadratures, and 
therefore her distance 13 least in syzygieSj and gieatest in quad- 
raiurefl (Newton, Prop 66 Coi,5,) 

63 The next tetrn, ' 


15 

— me cos (2-2m—c) 0 + 2/3+ «, 


shews ltd infiuence by the alteration of the eccentricity of the 
Moon's orbit. To prove this, let ua suppose that When 0 = 0, 


t 
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tlic Moon, and the axis ot the Moon’s orbit, wero m sy-^vg^^a 
ilien, (considering only tho elliptic inequality^ and the piesent 
one") parallax 




+e cos c0 + 


15 

we cos (2 -- 
8 ^ 



and, since c and 2r— -Swi— c each nearly =1, the Moon’s pa- 
rallax, for one revolution, will be iieaily lepresenled by the 
expression 



1 + c H w e • cos 

8 


0 


f 


which IS the same as m an oibit, whoso eccentiicity 


Again, suppose that when 9=0, thp Moon is at liai apse, and 
the vSun^s longitude —90^ or = then, \vhcn the Mobiles 
longitude =9, her parallax 

= P + e cos c6 ~ me cos (i^ 4 m — c) 9 + 180*^^ 


which, for a single revolution, is nearly ropresonied by 



1 5 

1 + c cos 9 H me cos 

B 


0+ ISO**) , 


or 



15 

c — me . cos 



and here the appaient eccentricity is e 








The 


eccenlncUy therefore is incrcuHcd by this teini, when ilic axis 
pf the Moon’s orbit is in syzygies ond diminished when it 
in quadratures ite effect m mtermeclinte situations, wp shall 
cpnsidei presently ^ {Newtoiff Pi op 66 Cor oO 
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64 Corresponding to these iiieqiinlities of pnralinx, there 
ore> in the expression for the Moon's longitude, the terms 


de' 


«e,3in cpt — a + -^9iaS,cpt~S.a, 

I 

^ 3in (fi^^rn) pt + 9, 


] ^ — - — 

4 nd — me sm(fi--2f?i~c)p^ + 2/3+« (Prop. 24 > 
4 


The first two depend on the eccentricity e and the mean dia-' 
tnnce from tlie perigee cpt’^a* their sum constitutes the 
elhpiic inequality in longitude The next term, which_ is 

called the varxationy is propoitional to sin S . 
or sin 2 (Mounts mean longitude — Snn^s mean longitude). 
It IS therefore=:0 ^slien the Moon is in conjunction , it is greatest, 
when the difFeience of longitudes =45'^, it is ngam = 0, when 
the (Iifterence =90*^, 01 the Moon is at quadrature it has its 
giealest negative value when that difference = 5 135 > and is 
again =0, w'hen llie diffeience of longitudes =^l80j or the 
Moon IS HI opposition The Moon’s true place therefore 
IS before the mean place from syzygy to quadrature, and behind 
It, fiom quadrature to syzygy { jnetotoUi Lib 111 Pi op 2 9,) 
The lost term, depending on 8m(2 — — c) p^+^/3 + cfj 

called the ei^ection it appears to increase the elliptic inequality, 
when the axis of the Moon^s orbit is in syzygies, and to diminiBli 
It, when that axis is in quadratures^ the reasoning of tlie last 
article applies to it in every respect. 

I 

There are, besides (Pi op 24.) ihese terms, 


siue^pt— ag, end — Sme' sin njpt— -/S — ^ 

4 


Tlio former of these depends upon the Moon’s distance from 
Ihc mean place of her node, and is nearly tho difference be- 
tween lior longitude, measured on her orbit, and her longitude, 
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measured on the ecliptic it is called tlie reduction The 
latter depends on the Sun’s mean anomaly it appears, that 
while the Sun (apparently) goes from pengee to apogee, the 
Moon^s tiue place is behind hei mean place while the Sun 
goes fiom apogee to peiigeOj the Moons tiue place is before 
her mean place (Newton, Pi op 66 Coi 6 ) This is called 
the annual equation. The alteration in tho parallai, from this 
cause, 18 very small, being of the third ordci 

66 III respect of magnitude, the evection is far the most 
important of the inequalities, which are produced by the dis- 
turbing foicc of the Sun And Us effect on the position and 
ecccntiicUy of tho Moon’s orbit is so remnikablc, that we shall 
heio consider it a little more generally than in Alt, 63 

66 Prop 27* To dotoimine the change in the position 
of tho a\i8, and in the ecceiUncity of the Moon’s orbit, pio- 
duced by the evection 


The elliptic inequality and evection, are together represented 
by 


V 

cos c9 — a+ — m cos (2 - 2 m—c) 0 + S/3 +a^ , 


where a = longitude of pcrigeo, if thoio wore no evection, — /3 
= longitude of Sun, when 6 = 0 Dunng a part of one re- 
volution, wo may, without great error, suppose the perigee and 
tlio Sun to bo stationarv * th en, for a, wo must put 6— o, 
and for (2 — Sm) 6 + 2 /8 - c6 - a, or twice tho distance of 
the Sun and Moon — tho Moon^s nnoinoly, wo must put 

S6 + 2/3^6 — a=a6---a-l- 2/3 + a 


^qd tho united inequalities 

= e (co80-« *f m cos(0-a) +a(/3 + a)) ^ 


1 + m . cos 2 /i + . 


cos 


6 — a 
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15 


m sin *2 fl+a«8in6 — a 

This may be put under itie form JE cos (0 — a + 

( ] 5 \ 

1 + -^ 271 cos Q , /i + a J 3 


15 


am — f?i sin 2/3 + a 
8 


J?roin those equationsj 




S or tan 5 = — 771 ♦ sin 2 /3 + nearly, 

8 

JG = c ^ 1 + -^ cos 2 , /3 + p 
And the united inequalities are represented by 


c + — m cos 2 , +a^ cos ^0—* a — ^ ^ /3+a^ » 

This IS the same as the expression for the elliptic inequality in 
an orbit whose eccentricity 

= s ^ 1 + ^ ??i COB 2 , /3 + j 

and in which the longitude of the perigee 


15 


sin^*fi + a. 

p 

Hence, to find the Moon’s place, when we have found the 
longitude of the perigee, on the supposition of its uniform pro- 
gression, we must subtract from that longitude 

15 

— trt , sin 2 (long pengoe—long. Sun), 

o 
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and apply the equation clue to an elliptic orbit, wliose ec- 
ciMi til city 

15 

= I + — /n cos 0 (long, perigee — long Sun). 

8 

{Ncwto?iy Lib. Ill Schohiim to the Lunar Theory ) 


67 Phot*, 09 ^ To explain the effect of the tefms m the 
expression for s. 


The fust of these is Ic 



If this depended 


on 0 — It ^vould shew that the Moon moved in n plane. 

S 

But, as It depends on g 0 ^y^ the Moon’s motion in latitude 
may he represented by supposing her to move in a plane, the 
tangent of whose inclination to the ecliptic is A, and, suppoaing 
tins plane to move with n retiogrnde motion, which is to the 
whole motion of the Moon ns g — 1 L and which therefore 
IS neaily unifoim This is exactly analogous to the motion of 
the peiigec m (GU* with the Hingle difference, that c being < J, 
mid g>\i the motion in one case is direct, and m the other, 
retrograde. 


68 The second term 


k . sm (0 — 2 m-^g) 0 -f- 2/3 + 7) 

0 

has precisely the same 1 elation to the 61st, which the evectipn 
lias to the elliptic inequality , and the alteration which it pro- 
duces 111 the place of the node and the inclination of the orbit, 
may be found in the sami manner. Thus, 7 is the longitude 
of the node, if the second term did not exist, and — /3 the 
longitude of the Sun, when 0 — 0 Now, during the d^ 4 cVij>- 
lion of a portion only of the orbit, we may, without material 
error, suppose in ouv expressions, that the Sun and node are 
stationary: then, for g 0 '^ 7 , the Moon*8 distance froni the 
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iiocIgj we must put for (Q — 2 w) 6 + 2 /-J, double tlic 

excess of the Moon's Jongitiido - above the Siin's, we must put 
2 0 + 2/3, and for (2 — 2 nj — g) 0 + 2 ^ + we must put 


20 + 2 / 3 - 0 + 7 , or 0 — 7 + 2 .j 3 -f -7 
Hence, ^sin 0^7 + sin 0—7 + 2 (/3 + 7 )^ 


. / , Sm — — Sm -pi — \ 

i 1 + -— cos 2 /3+7 am 0— 7 + — siu 2 p +7 cos 0—7 I . 

\ 8 o / 

This may be put under the foim K sin (0— 7 + icX 


3 m 


if iC Bin sill 2/3 + 7 j 


3m 


K cos If = 1 -1 cos 2 * j3 H- 7 

8 


These equations give 


Sm 


K or tau ^f= — sm 2./3 + 7 ^ 
8 


Sm 


^ I + — cos 2 /3 + 7 j 
6 


and +-^cos i sm — sm fi./ 3 +'y^ . 

This IS the same expression that wo should have liud, if the 
longitude of the node were 

3 m 


7“ 8«1 3 /3+7, 


and the tangent of the mchnation of the orbit 

e -J'^) 


, / Sm 
^ 1 H — T' cofl S * 
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When theiefore the lohgitude of , the node js found ou the sup- 
position of Us luiifonu retrogiadatioii, wo must subtract from it 


3m 


• am (long, node — long 


Sun) , 


and, taking that for the true longitude of the node, wo must 
suppose the tangent of inclination 


COB 2 (long node — long. Siin)^ 
(Newtofiy Lib. Ill Pi op 3S and 55 ) 


69 ' From tins expression it is evident that the‘ nicliiialiou 
of the orbit IB greatest when ji+y^O 61 ' 180 ^, that is, when 
the line of nodes is m sy7ygies, and least, when /3+^=90 01 
270 , that IB, when the Imo of nodes is in quadratures. (Newtotif 
Prop. GG. Cor. 10.) 

70 In llic satno innnnci 111 which wc liavo approximated to 
the value of « and 6 to tlio second order, wo might go- on to the 
third and higher orders. For the third older, it woifld be ne- 
cessary to examine the terms of tho cquutioti to llie fointh order, 

P 

and thus the last terms, in the oxpiossions for , 8 cc.^ in 

1 1 h "n 

Art. 35 , would be employed As the method of conduo(uig 
nil tliCBO approximations must be tbo same, wo shall hero 
montiou the several steps. 

( 1 ) From the lust approximate value, find t in terms of 0^ 

(S) Since ff 18 , by the elliptic theory, found in terms of ^ 
it can bo oxpiessod'in terms of 0, and 0 — 0", 2(0 — 0'), 8cc. 
can bo expressed 7 / also^ which is known in tefm^ of 0^, crtii 
be expressed in terms of 0 ’ ' J 

(3) Find oxpiessions for sni G(0— 0'), cos 2 (0— Sec. 
to as many orders ns niay^ be nerossury. < 

II 
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( 4 ) Substitute these vuiues, and the last approximate i value 

p 

of 111 the CNpressions for , 8 tc» 


( 3 ) When these are substituted in the equation, integrate ib 
OiJ for the second order 

( 6 ) Proceed m the same way m every rcspech for the 
determination of s 

71. In CHirying the approximation to higher orders^ it 
frequently happens, that a teim w^ll rise, by integration, two 
orders. Tins renders the operations very troublesome, and 
particular i^etliods are ao^ietimes necessaiy but wo cannot 
stpp to explain them l|^re 

73 - We shall here mention some of the most interesting 
rcaiilU of the next nppioxiinalion, (l) The last terms lu the 
P 

expressions for 7^, 8 cc* introduce into the egimtioii foi n 


multiples of 




m 






.^ 05(1 -m) 9 -hfi, 


Which, Upon integration, rise to tlio third order; and the cot'* 
reapQildifig inequality < m longitude is of the third ' order* The 
cotppansan of this observed inequaliiy, with its computed value, 

(I iW 

givea US the moana of delermiiimg — ("7; being known pretty 

a \J!i 

M \ 

being known I , that 


, j ^ ^ E^M E 

Qrcaclly, and therefore, or 


M J5 + M 

js, thej. raUo of the Sun’a parallax to ihq Moop’bv TJie latter 
these 1; vary, weH knpwn froni obaervation; henoe^ the 
former can be found. Ita quantity thus determined agrees 
very exactly with that determined by tranaits gf Venua, 

(a) The value of c, found by,|llie, second apprp)tima(ipnj> W 
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which gives, for tho progression of the perigee Ih a 


Sm 

revolution of the Moon, x2 7r==1^30' 

4 


This is aboilt 


half its true qunntiL}', which is 3° By conlinuuig the 

npproximatioh, ivc find 'that c is expressed by ‘a 'slowly con- 
votgmg ecnoB, of which the hist terms arc 


I 


3 , 

-m 


32 


m 


Tlio sGiies for g, on the contiary, converges fast, it is 




Hence, the ratio of the tnOtion of 'the pongee to the motion of 
the node for tho Moon, is much greater than for one of Jupiter's 
satellites, where wi is extremely small Tins is allude^ to by 
}iewioi\y Jiib, IIL Prop* 23. 

7S. tJpon cQntlnumg the appi oximalioiia, u appeaiS that/?, 
the coedicient of t m ihe Moon’s liiean longitude, depends 
upon e, and consequently, an alteration in e produt^es an al- 
teration in the Moon’s mean motion Now c\ (he eccentficiiy 
of the Sun’s oi' Earth’s ofbit, is ’slowly dimihisinpg from the 
attraction of the othei planets, hud tins causes an increase in 
tho Moon’s moan motion It is remarkable, that the indirect 
effect on iho Moon is much greater than llie direct effect op 
the hlarth. 

74 , The coefficients of uicqualiiiQs of a high order ban 
never bo calculated accurnlely from ihediy The forma can 
bo found, and the coefficients can then be determined fiom ob- 
aorvntions Thus, the most important inequality lately dis- 
covered m the motion of the Moon, was detected by Laplace, 

T 

who suggested, that in the expiesaion for ^ 5 ^, there must be 
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terms of the form sin (3 - — c) 0 + a + Sry — S ^ These 
Lould result only from ilie inultipiiciition of sines oi cosines o l 
these arcs, (3 — 3f«)0 + 3^j 3m0 — 3^ — 3^, 

The first would have for coefficient some multiple ot 

rr^ which would therefoic be of the fourth order the 
a 

second, some nmluple of e'*, which la of the third order* the 
third a multiple ot 4^, of the second order and the tour ih 
multiple of e, of llie first order. Hence, the coefficient of 

sin (3 — ^ig'-*;6)0 + a + 27 “*S^ 

would bo ot the tenth order. But, iii the expression for 



this would be twice integrated, and its coefficient would tliorc- 
fore be divided by (3-2g— c)*. Now, by coiuinuod np- 
proximatious, it is found that c =5:0,99 1548, 1^004022 , 

therefore 3-- fig — c = 0,000407, and the divisor w (0,000407)^* 
By the exceeding smallness of tins divisor, the term is so nuicli 
increased as to become sensible But the calculation of tlio 
coefficient from theory is quite iin practicable this has been 
louiid b) observation to be \5l\ 

76 ^ In the preceding investigations, we Jiave supposed tlio 
Sun's perigee, or the Earth's perihelion, to be stationary. It 
has 111 reality n slow progressive motion, which will bo rc" 
presented by putting in all the expressions for 

where 0,999990779, 
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PRELIMINARY PROPOSITIONS 

1, Prop* l. The sections of two similar and con- 
centric and similarly situnted spheroids, made by the same 
piano, arc similar and concontnc ellipses, similarly situated, 

Let BK, CGj fig, 1, be the. sections, >vhicb will be ellipses 
(Hustler^s Come Sectmis, p. 6£*), Join W, the centre of the 
spheroid, with N, the centre of tlio ellipse J3JC, and let 
ABEj CD be sections by any plane tliiough NW , these will 
evidently be similar ellipses, wliose common cenlio is W And 
since BK is bisected in N, BN is an ordinate to the semi- 
diameter AW, and is tliereforo parallel to the tangent at A, and 
tlierefore to that at H (as the ellipses are (similor) , hence, CN 
is an ordinate to WH^ in the smaller ellipse Lot WD and 
WE bo the seini-conjugate diameters * then, 

^ W^D^ WE^ 

NC? = ~ WN ^) , NJ? = ( Tf .1* - , 

Qiid^ aSjtlio ellipsoa DCIT, EGA, are similar, 

WD* WD* , NC“_W/i*-WN’ 

WfP ~ W*’ m* ~ - WN* ’ 

a constant value for tho saino sections, bencoj the seefions are 
siniilai, and similarly situated, with lospecl to N. but N is the 
centie of BFJC ; ■ Iheieforo it is also the centre of CG, 
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7. If we put i foi the dcnsUy of the iiiattejj t)mt is^ if the 
attraction of the matter in the volume M, on a point at tlie 

* - » . u t 

distance D, produce an ndcolerating force = then the 

kbSx , kbj: 

attraction of one stratum ultimately = — , whence , 

or for the whole pyramid = — • 


s ON THE A.TTRA^CTION OF AN OBLATE 
SPHEROID, 


8 . Prop, 6 . To find the attraction of an oblate spheroid 
on a particle placed at its pole. 

Let Sj (fig, 4.)3 be the pole of the spheroid^ BD the axis ^ 
let tho spheroid be divided into wedges^ by planes passing through 
BD^ two of which are BPD, BQB, making with each othei 
the Very small angle o) y in these planes draw BP^ BQ making 
with BD the angle 9, and Bp, Bq, making with BP, BQ the 
very small angle S0; and suppose the wedge divided into pyramids 
airailar to BPq, Let a be the abscissa of P, measured along 
the axis of the spheroid, p its orduiote , let BP=:?', If through "" 
gp a section pqts be drawn perpebdicular to the axis of the 
pyi^amid, since gp ultiraatel} =yw,,,and gt=^r9y |lliei,area 
of this section ^rywS0, tlierefore by (7), tho attraction of the 

kry it>d 9 ^ * 

pyramid ^ =: kywoQ This is in the direction BP 

^ I ‘ I I 

but as the whole attraction of the spheroid will evidently be m 
the direction Bp, >Ve nius^/^P^plve.the attraction of the pyrapiid 
into one parallel lo BC, and one perpendicular to BD llie 
former will be effective, but the latter will be counteracted by 
forces HI the opposite direction. Tlie effective pail 
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= ]\y (oSd X != Ar • sin 0 . cos 0 co • S0 
r 

Let a bo the equatoreal radius of the spheroid, b the semi-axis , 

"A 

then = ^{Q,bx- 

Putting for X aiid^ their values r cos 0 and ? sm 0, this becomes 
/ sm* 0 = ^ (^6r cos 0*-f* cos® 0), 


whence r — 


i cos 0 


9,b cos 6 


a^^b^ j ^ 1 “ e® sin® 0 ^ 

1 5 — 8in 0 


putting c for the eccGntricity of the generating ellipse. TIencc, 
tlie attraction of the pyramid ultimately 

, S b cos® 0 . sin 0 S 0 
hu) X I 2 n > 

1 — e aiir 0 

niul if Z€ bo the attraction of the wedgo, 

^ dw , , cos® 0 . am 0 

* de 1— e®sin®0 


Let cos 0 = 2 ? , then 


dfV 2 ® 

— = X j 5 

^2? 1— 


integrating, 


2/cfta> / 

— r^v'. 


io- 


Jy- 


e 

- fnrt ^ ^ 


■ . tan“ 


> “ ^ 
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Taking this from 0 = 0, to 



or trom «= 1, to z^O, 


w^9>kba} 




This 18 the attraction of a wedge whose angle is o ) , and since 
the attraction of every wedge with an equal angle must bo dio 
satnej the attraction of the whole spheroid will be found by 
putting Stt in the place of w ^ that la, tlio attraction 



9 If the spheroid differs very little flora a sphere, wo may 
putia=:fi (I +€), fl is then called the ollipticity of llie sphe- 
roid Then c* = nearly. Hence, the atti action of the 
pyramid 


= 9ibk(o 


cos* d 8in 6^9 
sm® 6 


^ 9.bkio {coi^ 9 sin 0 30 + 26 . co3'^0 sm^ 0 , S0), neaHy 
= 2bK(i} (cos* 0+26 coB^ 0 — 2 e cos'^ 0) sm 0 30; 
whence, the attraction of the wedge 

, / co3^0 26 Q ^ 

^9,bko) ( — — cos® 0 H co8^ 0) ; 

> 3 3 5 ^ 

and taking this integral from 0 = 0, to 0 = the attraction of 

2 

r+nr Jl, 1. 

the wedge 
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Then the attraction of the ^vlloIG spheioid is found as before, 
by putting Stt for to, and iSj therefoie, 

47r , ^ / 4e\ 

= — 'kh ( 1 + — ) 

S V 5 / 

10 Prop 7 To find the attraction of an oblate spheroid 
on n particle nt ita equatoi 

Let ARM, fig 5, be the equator of tho spheroid , AZ a 
perpendicular to it fioin tho attracted point A , suppose the 
spheroid divided into wedges, by planes passing through AZ, 
let two of tlicso pianos, very near each olhei, be APR, Apr, 
and drawing the dmmetoi AM, let MAR = (jy, MAi + 
Then suppose the lines AP, Ap, to be drawn in the planes 
APJ2, Api, making with AR, Ai^ equal angles 0, and AQ, 
Aq to be very neai them, making with AR, Ai, equal angles 
0 + ^0 If tlnough q we draw n plane qtsw perpendicular to 
the n\is of the small pyramid 

teq ullimntely — 7 CO8 0S0, qt^ rS0, 
and the base of the pyianlid 

= loq X q t = cos 0S0S0 , 
tliciefore by {7), Us attraction in llio direction AO 

T 

Dinw PN perpendicular to the pltino of the equator, NO per- 
pondicular to AM, let AO => x, = NP ^ z> If we 
resolve the altiactipu of the pyramid into two parU, one in the 
direction AN, and the other in NP^ the laltor of these will be 
couutei acted by the altroction of another pyramid in the same 
wedge, and the former 

= ft ; cos 0 • S0 . cos 0 = ftr cos* 0 5<^S0. 

This is m the direction AN, if wo resolve it into two m ih^ 
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directions jiO^ ON^ the latter of these will be coimteractcd by 
the attraction of an equal pyramid in another wedge, making the 
aame angle with AM , and the former 

r , cos* 0 d(p Sd X cos(p=^k r cos 0 . cos* 0 • * S0 

Now the equation to the spheroid is 

I# 

PN’ = {AC - CO’ - ON*), 

a 


;s^=_(2ax~a’-y), 


putting for Xj yy and %y their values 

T COS 0 COS T COS 0 sm r sin 0, 

it becomes 

r* sin* ^ ^ ^ (2ar.cos 0 cos 0 — r* cos* 0 cos* 0 — r* cos* 0 aiti®0) 

» 

-ii* _ COB 0 COS 0 

^ 1 — e* cos* 0 + sin* 0 

Hence, the effective attraction of the pyramid 

_ CO8*0>CQ8^0 ^0 ^0 

^ 1 — e* COS* 0 -|-sin* 0 

Let w be the effective attraction of the wedge , 


dw j „ 

cos (p ^ = 


COS® 0 


dO a T T ]— g^^co8«0+sin*0 
To integrate this, let sin 0 = , 


dio S&6* 
di> , a 




cos* 0 . d0 . — 

, 1 - e* + eV 


3 
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w = cos 

a 


(p S(p 


/ V 1 X 

( — -7 + — — j tnn — 7- • - ) 


TT TT 

Taking this from 0=---^ to + - ^ or fioiii w = 

to t^= 4^1, 


?iy = cos 

a 


ft / 3 _T 3\ 

(? 7 Tr 7 -'”‘ 


= ilAi coa* 30 X (pain ’c — 
llencQ, if u be I he attraction of the spheroid^ 

>7 / a ^ /I -1 V • - ' 

— = 4 At> cos 0 I -4 sin e 5 — 

d6 Ve e 


, , ^ , 'n" 

integrating from to<p=:H , 

3 2 


U a=s S/eftTT 


sin“^ e — 


11. If the spheroid differ littlo fiom a splieie, putting, as 
before; a = 6 (1 + e)j wo find 

a 

and ^ = 2ti (1 — e) cos^ 0 .^0 — ^ ^ 

dv ^ ^ 1 -- 2g + 

= 2A:i ♦(! “ c) cos® 0 .3^ • (l--2)®+2c— 4ci>® + 2eu0^ nenriy, 
nnd w^9tkb{l^v) » cos 0*30# +S6v ^ 
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winch, from 1 )= — 1, tov— +1 

„ /2 l6ff\ 

= 4ft5 (1 — a) cos ^ 

= ^ (1 — a) cos*0 . S(p ^1 + * 

= cos ^.d0ll+-el, 

cht &kb » . , 3 \ 

TT TT 

therefore integrating from (p to 0 = + - , 

" = — O + sV 

12, Pkop 8 If il, (fig 6*)> be any point on the surface 
of Cl bphcroidj and JEC be diawn perpendicular to the plane of 
the equalopj and n spheroid be desenbed concentric, similar, 
and similarly situated to the given spheroid, touching JHC at C , 
then the aiti action of the given spheroid on jE, in a diiection 
parallel to liie radius CW, is equal to tJie attraction of the 
smaller spheroid in the same direction on the point C. 

13, Suppose both spheroids divided into wedges by planes 
passing through JEC let £GHBj CKDL^ be the sections of 
both, made by one plane, and ERS b, CTdVy the sections 
made by another plane very near the former Draw EF 
parallel to CD, and lot the angles GEF^ HEFj if CD, LCD, 
be all equal* Let the angles gEFj hEFy ftCD, ICT) be also 
equal to each other, and very nearly equal to the former, and 
suppose the wedge divided into pyramids by planes passing 
thiough these lines perpendicular to the plane AEB, Then 
the angles GEg, HEh, KCk, LCl, are equal. And there- 
fore since the axes of the pyramids GEr^ HEsy KCty LC'Cy 



attraction of oblate spheroid 

aje equally inclined to ECy the edge of the wedge, their solid 
angles will be equal Coiisequentlyj by Pi op 4 j their attrac- 
lions in the direclions of their axes will bo as their lengths And 
the ntu action of each in ihe diieclion JEF or CD will be as 
length multiplied by the cosine of the angloj which its axis 
mokes with EF or CD, or Binco this nngle is ihe somo foi nllj 
the attraction of each in the direction EF or CD will be as its 
length lienee the sum ot the ntti actions of EGr and EHs iii 
direction EF sum of nlti actions ot CKt nnd CLv in dncction 
CD EG 4- Eli CK + CL. But, by Piop 1 , AEB 
and CKD are aimilai and concentric ellipses, tlierefoie by 
Prop. 2 

13G+ EII=CK^CL, 

or the nltrnctioiis ot GJ3^ and IIEs in direction = attractions 
of KCt, LCvy m dncction CD If the point G hod fallen on 
the other aide of JE, we should have hod, by Prop. 3 

EH- EG ^ CK-\- CL, 

and thoicfoio the difference of the attractions of the two pyramids, 
whoso vertices nio at D, = to the sum of the at ti actions of those 
vhose vertices ore nt C , but since in tins cose the lesolved part 
of the attraction of EGi Ts in u direction opposite to EF, wc 
may alill say, that the ottniclions of GDf , HEs, in direction EF 
= attractions of KCt, LCv, in direction CD. And the same 
18 true for nil other coircflponding pans of pyramids Now 
since the anglo GEg'=^KCh, nnd IIEh = LCly by tnking 
the same numbei of poirs of pyramids, we shall at the samo Ipno 
have taken iho whole double wedge JEBO, and the xvholo 
wedge CKDL , and for every eorrosponclmg pan of pyramids^ 
the alti action in dnoction CD or J2 jF is the shme j therefore 
the ntti action of E by the double wedge AEBO in dnoction EF, 
18 the same aa the attraction ot C by tho wedge CiCDD, m 
direction CD. 

Now resolve eacli of these attractions into two^ one perpen- 
dicular to the axis of the spheroid, another at right angles to this. 
Since JSC IS parallel tp the axis of the spheroid, the perpen- 
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cular$ upon the axis from E and C will be pniallel ; but EF 
id CD are parallel , therefore the angle made by EF with 
iG perpendicular from E, is equal to the angle made by CD with 
le perpendicular from C Consequently, the resolved pails of 
le equal attractions in directions perpendicular to the axis of 
le spheroid, will also be equal Now the double wedge AEBO, 
id the wedge CiCDi aie formed by the same planes, and theio- 
ire the number of wedges into which the two spheroids can bo 
It is the sarae,‘ and since the allractions of each coiiesponding 
air of wedges, in direction perpendicular to the axis, is llio 
iDie, the attractions of the whole spheroids in that direction 
dl be the same, or the attraction of the larger spbeioid on E, 
direction perpendicular to the axis, is equal to the nttincliou 
F the smaller spheroid on C, m the same direction 

14 Prop 9, To find the attraction on il, m a ^liioctiou 
^rpendicular to the axis of the spheroid 

By the last proposition, this is equal to the atti action of the 
iheroid CN in the same direction on the point C* And by 
rop 7j the nltractiou of a spheroid, whose polar and equatoioal 
d\i are 6 and a, on a point m its equator 




onsequently, the attraction on E, in the cliiection perpendicular 
I th^ axis of the spheroid 


= CPF X ft/CTT X 



here e is the eccentricity of the smaller spheroid, which is the 
ime as that of the larger, as the spheroids are similaf* In tlie 
mQ sphei^cnd^ it will be observed, this is proportipnal to 

15. Prop lo If from any point E, (fig 7.) on the surface 
r a spheroid, a line EX be drawn perpendicular to the axis, 


4 
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and a spheroid bo described concentiic, similar, and sum- 
laily Bitunted, to the given aphoroid^ loiiching that lino at its 
pole X, then the attraction of the given splieioid on the point 
iSj in a dnectioii paiallel to its axis, is equal to the attraction of 
the amnller spheioid on a point at Us pole X 

TIio demonstiation of this is, in til! leapects, similai to the 
demonstration of Pi op 8 The splieioids must be divided 
into wedges, by pianos passing thioiigh the line and the 

sections of iho spheroids made by one plane, will be similar 
and concQutnc ellipses, 

l6* Pnor 11 To find Iho attraction on E, in a diiection 
pninllol to the axis of the spheroid. 

By Plop lOj this IS equnl to tlio attiaetion of the spheroid 
Xy, on a pal tide at X* But, by Pi op. (3,> the atU action ol 
iho spheioid XT, on a paiticle at X 

= 47r/c WX 3111-^ e) , 

therefore the attinction of the Inigei splieioid on E, in a direc- 
tion parallel to Us axis^ is 

47rk . EC ^ sin*”^ 

In tlio same sphoioicl this is piopoitional to- KC# 

17* Prov. is. If a point E, (lig 8 ) bo placed at the 
interior surface of a shell, bounded by simiUi and concentnc 
sphoioidical siu faces, the allrnctjon of the whole shell will be 0, 

For suppose the small pyiaimcls EE, EG, to be foimed by 
the snino planes passing thiongh E, let a plane pass tliiougli 
the axis of the pyramids, and Uiioiigli the common centci of the 
spheioidfi, tlnougli H the point of ibisection of EAT, diaw 
WIIKL Since EH la bieectocl in i/, the langcnl at K is 
paiallel to EH; aud since the allipsos arc sinuhii and concentnc, 
the tangent at X is parallel to that at K, it is therefoie parallel 

K 



74 


FIGURE OF THE EARTH 


lo FG , and FG therefore is bisected in II, oi FII == HG Bitl 
FH^HM f . . JSjF=iWG, Now the attmctioiis of the pyiamid 
FE, and the frustrum JjTG, upon a point at F, are piopoitional 
to their lengths EF md MG, by Prop 4 , they aie^ theiefoie, 
equal; and they are m opposite clnectioiis, iherefoie they 
cleatioy each other Now the whole shell may be divided into 
pairs of pyramids, in each of which it may be shewn, that the 
attraction is 0 , theiefoie the atliactioii of the whole shell =0 

18 Prop* IS* To find the attraction of n spheroid on a 
point within it 

From E tlie point, draw EC perpeudicular to the plnno of 
the equator By Prop. 12^ ihe atti action of the shell external 
to the spheroid EKM is 0 ; and by Pi op 9 , the atti action of 
the spheroid EKM on E, in the direction peipendicular to the 
axis of the spheroid, is 

CWxikTT ( y\r 8in“' e - 
By Prop, n j the attraction in direction parallel to the axis, is 
EC X 8111 - c) . 

ig, The lesuUs of all these piopositions may be thus stated 

The attraction of any paiticle of a spheioid pcrpendiculai to 
the axis equals M distance from the axis X Q, where 

Q = (~^ — — ^ ^ . 

The attraction peipendiculai to the plane of the equatoi equals 
its distance from the plane of the equator X P, where 

P ^ 4s]cn e) 
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If llie fiplicioul dillei hllle iiom a sphoie, 



These cxpiessions mny bo found by expanding llie vftliios just 
given 01 by ninking the attrnclions at the pole and cqnaloi 
coincide with those found iii (1 1) and (9)« 

APPLH/AllON Ol TIILSlt TIinORtMS 10 rilW riGUJll' 
or iiiL LAiirH 

20 In invostigitnig ihc figuic of ilia liailh, ^^c shall suppose 
llitit llio Enilh was onginnlly a lioinogciioous (luid mass, ovoiy 
pill tide allincLing cvciy olhoi pnilidc with an acceleinting foicc, 
piopoilional to tho mass of the nlli acting pniticlo diiectly, and 
the squnio of the distance of the nitineted particle inversely, 
Tills mass mo suppose to i evolve about nn axis in 5Q\ a!* 

21 Now if iho Eailli had no motion of lotatiolij it would 
GVidonlly assume u spheiicul figuio Foi tho mutual alti action 
of the pai tides would colloci the whole into one mass, and if 
any one pnrtvveie then piotubcinnt above tho lest, tho diiectiqii 
ol gravity M'oiild not bo peipondicular to its suifaco, and it 
would not icmnin m that loim, but would imi cloun^ (Vmco'a 
Ilj/diosUilics^ Prop 3) Tlio foim then must bo such as 
would leave no pnit piotubcianl above iho icst, that is, it 
must bo spliciicab 

22 But, in consequence of tho Eailh’s lotnlion, every 
pill tide has a centufugal foico, oi a tendency to lececie from 
the aMs of rotnlion The etTocl of this, il is plain, Mill bo lo 
cnhiigo the Eailh at its eqimloi, nnci lo flatten it at tho poles. 
It 18 our object now lo shew, that the figuio wliicli the Earth 
would assume, is accuiatcly that of an obhilo spheioid 

23 To piovo Lius wo shall show that, upon giving a piopei 
value lo the Gllipticily, llio mIioIo foico winch acts upon any 
point at the suifacc is perpendicular lo tho suifncc, and if tM'o 


^6 


FIGURE OF THE EARTH 


anflls of any form he made in tlie ftiiul, teiminated at any points 
n the siufnce, mid lending to the same point in the inteiior, the 
iieasure on ling point is the same fiom the fluid in both canals. 


24 ► Let T be the time of revolution the centnfugal foice 
)ii the paiLiqle Ej fig. 6, 7, and 8, is 


4 7r'* 
2'“ 


EX, 


A -TT® 

or CW. 


md IS 111 the diiection XE, Adding this to the fbices men- 
loned in (19)> ^ve have, the whole force acting upon the point 

E in direction JEX= , CW that in direction 

EC = P EC The forces therefore upon any point; estimated 
111 directions perpendicular to the axiS; and poi pendicular to the 
squatoi^ are still pioportional to the distances from the axis, and 
fioiu the plane of the equatoi. 


26. Prop. 14 That the fluid m a canal from the equatoi 
to the center, and that in a canal from the pole to tlio center, 
may produce the same pressure on a particle at the center, tlio 
whole force at the pole must be to that at the equator as the 
laduia of the equator to the radius of the pole. 

Let p be the distance of any point in the polar canal from 
the center; p-\-^p the distance of' a point near it. The pies- 
sure which is pioduced by the fluid included between these, is 
pioportional to the quantity of the fluid multiplied by the ac- 
celerating foice that acts on it, and is therefore ultimately pio- 
portioiial to SpxPp^ or (supposing the section of the canal 
= 1) It ultimately ^Pp , Sp, Let u be the whole prossme, 
since, upon increasing die distance by the pressure is di- 
niinislied by Pp . Sp, we have 


(In 

dp 




u^C- 


9 , 


Put the pressure at the surface = 0, 
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-P** P.,4 » 

0tC-^-^=0, ,,7i=-(b*~p) 

PS^ 

nGncflj tliQ preaamc at the center = < Siiiularly the 

pressure at the coiUci, produced by tho equaloreal column. 



When the prossiirea arc equal (which^ fioni the nature of fluids 
18 necessary foi equihbuiuu), 

(q- 

or P.b a a t b, 

( 4t TT^X 

Q ^ = ^vholo foico 

at the equator } thorefoie tho foico at the pole force at the 
cquntoi equatoical ladius polar rodiua* 

26 . Phop. 15* When this pioportion holda^ the whole 
foice at any point on tho sinlnce is peipendiculni to the sur- 
face 

Let Ej iig* 9 j ho the point on tlie surface lake EC to 
lepicsont the force in the chrecUon EC, and CN to leproscnt 
that m direction EX. tlion, EN ml[ lepreacnt the magnitude 
and direction of tho whole force at Now^ 

EC : CN •• P.EC. (a~ , CfV, bj (G4), 

0 . fl*.EC*6®.CF, 

by llio clcmonslraUon of Prop, 14 , 

0 . EC : CN .! EC ; ^ CW. 

a 
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Hence, CN=—r CW= subnormal (by Coiuti Sections), tlieie- 

foie^ EN 13 the normnl , tlint is, the whole foico is poipoii- 
dicLilar to the siiiface It nppenia also tlint llio wdiolc foico is 
repiesented in mngnilude by the normal 

27. Piiop* 16 When the same propoiiion holdsj if to any 
point within the spheroid canals of any foim be drawn, tci- 
minated any wheie in the aiirtaco , the press lue on that point, 
found by adding the piessurcs of successive poitions of any of 
the canals, will be the same for every canal. 

Let J?, fig 11 , be the point, EOoF a canal, take O niid 0, 
two points very iieai each othei , draw ONp on, pci pendiculiu 
to the plane of the cquatoi, and OAI, om, poipendiculnr to llio 
axis, draw 01 perpendicular to no, and OK poipcndiciilar to 
7)10 lei AIO — x, NO^j/, EO=^s , mo=^t + 8 v, 

Eo^s + Ss If we suppose the section of the canal = I, iho 
quantity of matter in the length Oo = S5, And the ncceleiating 
force in the dnecUon ON=Px ON=P y the resolved part 
of tins in the direction of the canal 


= P y * cos Oow ss P . ^ = ultimately P y 



And the accelerating foice m the diiection OM 


= (a-^).0M= ( 



the resolved part, in the diiection of the cannl, is found by null 

oli Sr 

liplyiiig it by cos Ook, that is, by or oi ullinialely by 
di , 

hence, tho whole accelerating force 111 that direction 




4 7r“ 


d& 
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nnd llie picssinc pioclucecl Iby Llio action of this foice on the 
fluid in Oo 



TliiSj if M'e put 21 foi the pressiiio, is tlio decroment of p, pio- 
cliiced by iiici casing s by S5 * lionce, -p = ^ nltimntely 


^ cU ^ T 


V 


dx 

ds 


Integrating, p = C-- 



Q- 


4 iv^ 




Let the values of x and y, at the point JE, be jT and g , n»d 
wlioie the canal meets the smfnce, let the values of % and i/ bo 
u nnd tv then, obsemng that the pressiue at the surface is 
wo find the picssuie at 13 


Pw^ 

2 


+ a-— - 


i! 

2 r® 2 


Biitj by the equation to the geneintmg ellipse^ 

Pi* Pi* 


w'’= tsC"’ 


Pro^ 

~ 


V 

2 


and, by tlie doinonstiation of Prop. 14j 




= Q- 


4 

^12 


Hence, the pressure at il 

Pi^ P/ 


2 


W ys * 2 ' 


This expression, it may be leniaiked, is iiidopoDdent of the form 
of the canal, and of tho place at which it toiminntes in the 
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mrfaqe, and tlierefore we should \mo found the same for iho 
Pressure produced by the fluid lu any othei canal, ns GJ3, l?oi 
lU canals therefore leading to the aama pointy tlie proa sure on 
Uat point IS the same 

28 Prom Prop, I5j we And, that if a fluid mass hnvo llio 
orni of an oblate spheioidj there will be iio tendency to disturb 
ba partideg at the surface, and from Piop, 16 it appears tliab 
‘a the pressure on eveiy pniticle is equal in nil diiectioiia, uono 
^ the interioi particles will have any tendency to motion. 

very part therefore will he at rest and tlierefoie tho oblulo 
pheroifl is the form of eqmhbminijj if the force at tlio pole : 
V ole force at the equator equatoreal axis . polar axis. 

29 Pnop 17 To find tho proportion of the axea of tho 
plierotd, whtch is m equilibnurti. 

The force at the pole> by Prop 6, 

The attraction at the equator^ by Prop. 7, 



he centrifugal force there 


4 ^ _ 


ence^ the whole force at the equator 


=*2ir Kb f4s)u’'’e~ __ 1^1 

V ^ J y, . 

Iiwe must bo m tho proportion of a ft, or l v/TIT?. 

lat IS, ^ j V ^ e 5 
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2ft 




ft 



sin" ' e 






1 V 1 - e’ 


2 ITT 

Let <y=— ^ substituting and icduciug, 
/t J ” 


3(lj^e®) (3-2c*)A/]r^ 


am 


The solution of tins ecjuntion will givo e, ulien q is known 

30 As tins 18 a tinnaccndontnl equation, it can be solved 
only by approximation , but somo properties of its roots may 
be found thus* The left side of the equation is positive^ when 
c = 0, and when 6= Ij winch nro the extreme values of e that 
can be admitted; and it lias thercfoie no loots, oi mi oven 
iiumbei. And by constiucUng a curve, us fig 10, in which 
the abscissa is c, and tlio oidinate is propoi tionato to the value 
of the first side of tho equatiouj wo find that the ciiive cannot 
cut tho axis in more than two points, and thoieforo tliere can 
be but two forms of t!io oblnte sphoioid, winch aio figuics of 
equilibiium. Ifj m one of these foims c bo sniall, in the other 
it will bo very iionily = 1 

31, To fincl these foiins on the supposition that tho coii- 
tufugal foice is small, oi q small, we will begin wnli supposing 
e siiinll In this case it will bo most convenient to use the 
formula! of (p) and (11) Then, 

T“(‘ + 7) + 

— 9,'n'kqb (\ -\-o) 1 + e 1> 

or, neglecting qo, which is tho piodurt of hvo small quantities, 
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HencG, 



8g 

5 


2 ^ 


01 


G = 


6 

4 


3 


- q. 

2 ^ 


3!2 It IS couvenieiit to expiess the elliplicity m teims of 
the proportion gf the centufugnl foice at the equatoi to gra^ 
vity This piopoition is 


2 Trkbq 

T^K’ + t)-^ 


Q^irlibq 




n 


let this = m Then es= 


6 


33. To find the othei form of equilibrmm^ we observe thaf 
? IS nearly = I, and therefore is sinol!. We must therefore 

33pand the terms of the equation itx powers of ^ For e® put 

I - ^ , or 1 — c*. where c and it becomes 
^ a 


a 


8 c" 




Faking only the first power of Cy we have 

^ ^ ^ 5 2q 

+<7—0, or “ ^ 

2 ^ ' a TT 


34* In the earth it is found that w= , or <7= • 

289 434 

lence, supposing the ellipUciLy small, r— supposing 

he eccentricity nearly ^ 1, caith 

voqld be an oblate spheroid, with axes eithei m the proportion 
if 230 231; oi in the pioportion of 1 681, It is found by 
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measinemeut, that the latio of the axes is ueaily 300 301 

hence, ihe earth is not lioinogeneoua 


36 In the spheroid of small clhpticity, tho propoition of 
gravity at the pole to that at tho cquntoi, la the same ns the 
latio of the axes, or is Ihe latio S31 230, supposing ihc eaith 

homogeneous. By observation, >t is found to be about 188 : 
J87 

36 Resuming the consideiatiou of the general equation of 
(29), nud the construction of (30), it is easily seen that upon 
giving to y a certain value, the cuive will touch tJiG line of ab^- 
scisaac. and upon inci easing q tho curve will not meet the hue of 
abscissoa at all In the foimer case, then, there is but one fornti 
of equilibrium, and, in tho lattoi, equilibriUDi is not possible* 
To find the value of e, which gives but one form, we may 
obscive, that two lootg of the equation have become coincfdent, 
or aio equal if then wo take the difFeiential coefficient of the 
fiist side of tho equation, it mn&t have one of the equal loots ^ 
pr the same vajue of e will make it = 0 This gives 



8 \ sin ^ a 



= 0 


solving this equation by appioximation, e —,929965 wlienco 

=,36769, ^=27197 Substituting this value of c in the 
a h 

general equation, = , 224671* And, if be the time of re*- 

volution, since q = T~^ 1 "we have 

ii> JL 


r- 



5,3883 


37 * In 11 fluici, wboae clenBity is the anmo as the density of 
the earth, supposed homogeneous, 
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Dividing tins by the equation q = 


Sr 

AT'*' 


we have 


1 

4S4 q* 



r \* 

W^/ • 


oi T' = 2S\5(5', 


.4"X \/ 


434 5 


7 = 2 ^ 25 ' 26 " 


A spheroid then cfliinot leniain in equilibiumi^ if it revolve in 
ix slioitei tinio tlinii 2*‘ 25' 26", its density being the spmo ns 
that of the eaitli, 


38* The expression foi the ellipticity in (3 1)^ gives us tbp 
means of companng the ollipticUies of different planets, sup*- 
posed homogeneous. Foi the ellipticity 

_15 _ 15 

8 4 AT*' 

If then we can in any mamiei compaie the masses of the 
flanetSj (which cun be clone immediotely with those Ihnt Imvo 
satellilesj and, if we know the ratio of their dinmetcia, the ratio 
of their densities \ai 11 be known and, knowing also the latio 
of tlieii tunes of levolutionj their ellipticities will be inversely 
ns their densities x the squaie of the Umes of revolution, 


ON THE FIGURE OP THE EARTH, 
SUPPOSING IT HETEROGENEOUS, 


39 . The results which we have deduced relative to the 
figure of the Earth, supposing it homogeneous, do not agree 
with observation; the homogeneity of the Earth is also, a priori, 
very improbable. We shall now proceed to shew that, sup** 
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posing the Eaith lietei ogeneous, a splicioulal form^ of olhpticity 
(lifFeient fiom that wliicli we liuvo fonndj wiU be a form of 
equilibiuim As before, wo shall suppose that the Earth was 
oiiginally a fluid mass one! we shall consider the density of 
diflerent parts to bo diflferentj either fiom its oiiginnl consti- 
tntion, 01 fiom the diflPereiice of piossuie pioduced by the 
eight of tliG aupennciimbent luasst Fiom the difficulty of 
the inveatJgalion, wo aie obliged to suppose the ellipticity small, 
and to 1 eject nil quantities depending on its sqiiaio and higher 
poweis 

40 Piiop, 18 If the baso of n piism bo very small, to 
find Its nttraclioii in the duection of its axis on a point any 
wheie without it. 


Let UC, (fig 12) be the given prism- A the given point, ^ 
draw AD perpenchciilai to the axis, produced if necessary , 
lake two sections peipendiculai to tho axis, passing through tlie 
points D and JF, winch nio veiy neai each olhor join AiJ, 
ADj AC Lot AD^aj = DC = c, tho section of the 
piism=3 5', Its density = Di3 = i, DjF=:r + Sx. The mass 
meliidod between tho two sections thiough JS and ; 


theiefoie its attirction on A = ^ frJ" ultimately , 
the resolved pait m the clnection ot the pnsiii's axis 


iheiefore 


p.S Sv Dli p.S.DJi 
{AEf ^ {yJEf 


1 11 (hi ^ Sy 

hence, if u be the whole attiaclion, — =uUiiiiato value of 

(lx 


p , S 

( 0 *+^’ 


nitegiatnig, ^ 




+C 


Detonniuing C so ns to make = 0 when DJS — 6^ we find 
the whole atti action 



^c)' 
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41 Prop, ig To find the expression upon whoso inte- 
gration depends the attraction of an ellipsoid on a point any 
v\here without it. 


Let CD, CE, CF, be the three semi-nxea of the ellipsoid, 
= bj Cj respectively take these diiections fpr the directions 
of a?, y, and z llien, the equation to the surface of the el- 
lipsoid IS 


1- — + 1, 


Let the co-oidinales of the point A be f, g, A* Spppose the 
dlipsoid divided into slices by planes, as PJlfQ, pmq, parallel, 
o the plane of 7/z and suppose these slices divided into prisms 
jy planes, as PNQ, pnq, parallel to the plane of Let 

CMsso:, Mm'=ihxi JlfN==5y, win=y + Syj PN ^ i. 

Then the parallelogram Nn = ^x Sy. By the last Pioposition 
therefore the attraction of the prism Pq on. A ^ in a direction 
parallel to z, la 

p *» «?(ip-^) 


^ ^ (/— af+g— y|“+&+sl'' ^ 


Let X s= ar, y then, the attraction of the pjism 




Die attraction of the slice therefore will 


= p .a , 6 , 3r X 

^ ^ * \AP aQ/ ^ 


iken from G to if To find the values of y, coi responding 
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to those points, wo must make 2? = 0, in the equation to the 
suiface then 

^+77=1; ..y=±« >/ a“ — and s = ± . 

a b a 

The attraction of the slice therefore 

taken fiom 5= — \/T— to j — -\r\/ l—r', 

I^t this = ^3? then the ntti action of the ellipsoid — 
tfiken fi«om r = — a to x oi fiom r?= — 1, to r = + 1. 

The attraction therefoie of the ellipsoid — p , a, b X 

* (^73^ * + ' v'(/-arlVg- 6 s)'+A+cin) > 

wheio = the first integial being taken fioni 

s := ^ to 5 = + 1 — r®, 

nnd the second from r = — 1 to r = + 1 

42 , Prop, SO# If a spheroid, fig 13, whose scmi-nxes arc 
a, 6, c, attract a point without it whose co-ordinatos nro la, 
wheie + t# 

And zf ft Bpheroidj fig. 14, of the same density, \Yho8e semi- 
nxes aio a, /3, 7, attract a point A' wilhm it% whose co- 
ol dmates are la, mb, nc\ 


* That A 18 within the spheioicl attracting it is easily shewn, 
since — its co-orchxuitea satisfy the equation 

a- ^ A" ^ ” ' 


For 


and 
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And if 

TIioHj the attraction on A pniallel to c, is to the attraction 
bn paiallel lo 7, as ah to aft, 

43. By the laat Pioposition, the attmction on A paiallel to c 


P frS* ( ^ (7a -- tY + ^ — c/j '^) 




V" (/a— -f +7^7 + ct^ 

The square of the denommatoi of the fijst fi action 

— SLatxh +a®?^ 

But f + =5 1 : and the equatJoii to the ellipsoid, o» 


t’ 1/ ^ z® 


“5 4- 75 + ^ = 1 
U* Q 

gives us r s' 4- } 


and it ig therefore m the sin face of an ellipsoid, concentric to the 
ellipsoid which ntti^act^ it, and whose aemi-axes aio a, h, c In die 
same manner, A is in the surface of an ellipsoid concentric to the 
given ellipsoid, whose seiTn-axes are fit, /3, y Now, since 

I2«— rt® -/9^ -- 

the surfaces of the ellipsoids do not cut each othei and the point A 
being without the given ellipsoid, a must be > a, 7 > c Tlic 

sllipgoid therefore whose aemi-axes nre it, b, c, is entiiely witlun tlio 
Jther, supposing them concentric, nncl A' therefore is within the 
ellipsoid, whose semi-nxes aio d, /5, y 
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elimniflling, llieiofoio^ nnd tlic deiiomumtoj is 

(/3“-y) + 7" 

—9.{aalr + h^ms-^cy)i 

+t * — c®) + 5 ^ ^ c*) + c* 

Tho second denominator diffeia from tins only in die sign of 
^cyn \ s\ 

Now, die atti action on A* parallel to 7, found in the same 
way 

=3 pafi X 

^ a?)^ 4 - wi — /3sl^ -t- nc— 7'i]'') 

— + ;7c + 7ff)^ * 

The square of the fiist denomniator, expanded a» above^ 

= (a — c*) Hr in^ — c®) + 

— ^ (nail + ftbms yen 
+ (a« _ 4, / (/ 3 « _ y) + y 

But, by supposition, 

^ 

hence, tins is piectaely equal to the sqnaie of the denominator 
of tho first factoi above 01 the first fraction here =5 the fiist 
fraction above» Similarly, the second fraction here « the se- 
cond fraction above# Hence, the whole expression under the 
sign of integration is the same in bodi. And the limits of 
integration ate the same, tlioiefore the integrals will bo the 
same. In tho first, the mtcgml is multiplied by pnbj and in 

M 
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tlic secomlj by pa/3 hence, the ottinctioii of A pmnllel to c 
IS to tlint of parallel Xo y £l 9 ab to a ^ 

44, In the same way, the nltrflction of A parallel to a, is 
to that of A' parallel to a, as be to fiy and the atti action of 
A parallel lo b, is to that of A' paiallel to as ac to a'y* 
If the ellipsoid become n spheroid, by making a = then 
ce^/3j and the forces parallel to c and y, are ns a® those 
parallel to a and a nre ns fle ay those parallel to b and (i as- 
ac to ay* 

tp 

46 Prop. £1 To find the atlracUon of an oblate sphe- 
roid; wlioae ollipticity is amall^ on a point without it. 

Let Cj the semi-axis of i evolution of the spheioid, coincide 
with tlio axis of z \etf, hy be the co-ordinates of the at- 
ti acted point, And, as m the last Pioposition, let 
g^ma^ A = 717; wheia 

iind 


Let fl = c(ld-c); 0 = 57 ( 1 +e) 
thou, rejecting &c., the Inst equation bocoroes 

7 

And fiom the equation 

V +vi = \y 


01 




+ ^ 77* y" - 2 « (/* + g')} = r. 


a 7 7 

we get 7 ’=/® +g' + A* - 2 e (/’ H-g’) , 


but 6= — e = 




7 ^ 

y=:/'' + g*4.ft*_ee 

7 J fg i-ft Be 
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■ Also, since CL — 7* = — c® = a e, 

cVi’ 


« =7 +2c*e=_/ + 2 c 


y'‘+g» + A* 


eh* 


46 NoW; the co-ordinntes of A! (Piop 20) ==/a, nc 

oi The dialance of this point, therefoie, fiom 

a a 7 

the axis of the sphcioid 

4 /Tv ^ a , 

And, as this pomt is within the spheroid whoso aemi-a^ces mo 
« and 7, its atti action towaids the axis, by (19)j 

47 r 


47 r / 2 \ a /T^r—^ 

=ir^C'“Hv 


hence, Ua alU action in the direction of ^ 
_ J 4 TT y 2 


= 7 ?^'‘TK'-r) 

47 r / 9 . \ a 


Siniilaily, its attinctioii m the direction of y 
47 r / 2 


47 r / 2 X 0 

“T'’ s 


And, by (19)^ its attraction in tho dncction of z 
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47. By Prop 20j iheiefore^ llie ntti action on A 

2 


in the direction o? x = ^ x — p f 

ay S^N 6 y a 

47 r a\ z' Q \ ^ 

“T'’ 0-5‘)/. 

dint m tho direction of ^ = — x p (■-:•) * 

47 r Q^c / fix 

-5V*> 


4 TT 4 ^ c 

tliat in the diieclion of z ^ ^ x — p(1 + "'gj — .A 

a® 3 ^ V 5 y 7 

4 . 7 r . 4 \ , 

3 ^ aV \ 6 / 


^ow c® (1 +fie) ♦ a®7, fiom the expieaaions above, 

= (/* +gS-L4*)5 c . 

I ^ (/*+?* + AY 1 ' 


(/*+g’+AY 


Also, 1 — ~e=l— e *. j 

5 5 r+g‘^+ir 

putting /“ + g’ + A® for <y*) 

And l+„<,s=i+e 

mbatituting Iheio, we find, nt length, tlie attraction of ^ in llio 
irecLioii of x 
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4?r 


~ 3 P‘ (f+g'^+h*' 


thnt m tliG diroction of y 


- fiig, 


3 ^ 6(r+g^+hr 


thnt in the direcUoii of z 


47r 

(/+gHA¥ 


|l + fie — fi 


e»(6A" - 9/*- 9g*) ) 

~6(7'+g“ + A“)* i 


48 Prop. 22* To find the attraction of an oblnte spheroid 
on n point without it ; the spheroid being heterogeneous; and 
nil tile sui faces passing through points at which the density is the 
some, being spheioidnl, of vatiablo ellipticity 


Let EFi (fig- 15.) be the sphoioid; let E'F' be n spheroidal 
aiufacQ, at eveiy one of whoso points the donaity is the same, 
and E^F*' a spheroidal surface veiy noai the foimer^ of dilTerent 
ollipUcity, at all of whose points the density is the same, but 
diffenng fiom thnt at the surface EF\ Let CF= CF^^c+Sc. 
Since the cllipticity vanes when tho semi-axis of the spheioid is 
varied, e must be a function of c- Now tho density of all the 
mattoi included between E^F^ and E!^E' is not uniform , but 
by diminishing Sc, it may bo made to approximate as nearly ns 
we please to uniformity- Conceive, now, for the moment, the 
interior matter of the spheroid EF' to bo of the eaipo density 
as that at its surface, oi to be equal to p\ let its atU action in 
tho dncction of tr = p A» Then the attraction of the splieioid 
m the same duection, wiU bo the value winch A receives 
when c+Sc 13 put for c, and when, instead of c we put the 
valqo of tlie ellipticity in tho spheroid But if wo con- 

sidei c as a function of c, this ib included in considering the 
vniiation which it icceives m consequence of the vaiiation of c. 
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Heuce A will he changed to §c + , niid Iheiefoie 

the atlmotiou of the spheioid E'F^' 

^p(A -|-^Sc + &cO. 

The differeuce of the attiacMon of the two spheroicisj or the 
attraction of the shell included between ilieni, is theiefoic uln- 

(lA 

malely == p Sc If^ then, u be the atti action of tho 

dc _ 

Ivcterogeneous spheroid, whose polai* semi^axis = c, wo nna 

=s ultimale value of v" ^ P 

cc ' dc^ 

dA 


p dA 


where in the dift^rentiation e must be conaidoicd as a function 
of Cy nnd in the integration, p and e must botli be considoied 
as functions of c 


49, Now, 


5(/’+g*+AV 

and when we diflPeientiate tins with lespect to c, since J, g, 
and k, are peifeclly mdependont of c, the only vanable toi ms 
will be e® (1 +^c) and o^e Let 

Soi 


t/(c" 1+ae) 

de 




botli intcgrnls being made to voiush when c = 0 Tlieii by tlie 

expression fqund m the Just article, the alti action iit the ditcctiou 
of A 
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4^ 

~ 




^ (pic) ^ 




t(c)|/. 


Similarly fiom the values m (47)j wo find the attraction in the 
dnection of y 

And the atlmction m the diiection of z 


47r I 1 

^ +/»“)» 


(pic) — 


Gh^~Qr~9g' 

6(/* 4’g'‘+ /»’ 




A 


It Will be necessary lo teinnik, that the eecond term m each 
G^piesBion IS small, when the cllipticity is small, but the fiist la 
not small 


BOi Prop 53* To find tlio nttrnctioii of a lieterogeneoufl 
shell ou a point w’lthin it, the points of equal density being 
situated in sphcioidal am faces, and the intenoi and extenoi 
am faces being spheroids, m every pait of which the density is 
the same. 

Let y, g, /i be tlio co-ordimUes of the nltiactod point 
(fig. 15). Take E^F\ as in the last Pioposition, and 

suppose the whole sphoioid FfCF^ to have the uniform density p. 
Then by (19)^ the nttiactiori of the splieioid E^CP on the 
point A', directed towards the axis, 

= (i - 10’ 


wlicnce Iho attrnction in tlio dnection of x 
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that in the direction of y 




And by (19)^ the atli action in the direction o( z 



Then by exactly tho same reasoning as that in Prop. it may 
be shewn, that the attraction of the heterogeneous shell will be 
found by differentiatihg these expressions, (aflei taking away p) 
with respect to multiplying then by p, and iiitogiftting with 
de 

regaid toe 'Letjl^p — = (c), the integinl being made to 

(t c 

vanish when o =s 0 If we suppose the semi-polnr axis of tho 
irttenor surface to be c, that of the exteuor to bo c, then 
de 

ffp — for the shell, between these limits, (c)— (c). Henco 
It will easily be seen, that the force in the diiection of x 

= ixCO-xWl 

that in the direction of y 

= “ {x(c)-x(c)} 

that in the direction of z 


61 Pho?. 24 To find the attraUiou of a hGterogeiioous 
spheroid of llie same kind ns that in Prop, 22,, upon any point 
\Mthin It ' 
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Let y be the polar gemi-a\is of tliat spheioidal siuface 
which passes through the giveu point, and through nil other 
points at which the density is the same. And let c be iho 
semi-axis ot tho exterioi surfneer Then the given ponit la 
external to all the spheroids whose semi-axes are less than •y, 
and to thesCj therefoie, the mtegiotion iq Pi op must be 
applied. Taking those integrals^ then, from c — 0 to c = y, wq 
find for the forces iq the dneclioii of y and z. 


47r ] 

I 1 

<p ( y ) - 

"be 

1 

J 

0 

& 

1 



47r J 

1 1 

< p ( y ) - 

12 A* -3/’ -3/ 

~ 1 



47r 1 


^ (7) - 

6 A*- gy-- 9 / 



5 (r+g*+/i^ 




Again, the given point is inteiior to all the apheioidal sui faces 
whose polai Bemi-axes me greater limn y, and less than c, 
and, tlieroforo, the expressions of Prop 23 must be talcen 
between these limits Tlieae give us foi the forces m the 
dll cc| ions of Tjy and 


4f 71 * 2 

“ — - 5 tx (c)-x(7)}/ 


{x(0"x(7)t 

and if these bo added to those above, we slmll linve the whole 
forces miaing fiom t|ic atU action of the spheroid 

612. Besides these, if the aplieroid revolve round i^s polar 
axis in^llie time T, eveiy point will oxpenence a contiifugal 

N 
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force pvoporlionBtl to Ua flistanco from the axis* Resolving this 
in the directtona of i and j/, we have for the pails in tlioso 

(111 ec Lions and * g, which iniist be alibtracled from 

the nlirnctions Collecting all (he tcims^ the form in the 
direction of r ^ 


Att 


TTI (7) - 


^ - 


r/’+g“+AT' ' 3 (/h^”+a*) 

{x(‘=)'-X( 7 )} - 


i' ( 7 ) 


That m llift direction o’f y ^ 


4ir f 


t ^ . ]eA*~Sf*— 3^’ , . 

;i --7 ,ra ’ 0 (y> — ^ ^ ( 7 ) 


|{x(c)-x(7)} -■^|g = G 

That in the direction of * 


Att r 
~1 




+ ^{x(c)“x(7)}}^- ..=ir 

63 Pnop, 55. To find the ellipticilies of the spheroids of 
equa density, that the force at any point may be pei'pendicular 
to the surface of the spheroid, passing thfoiigh that point. 

.1, density, passing 

through the point P, whose co-ordmates CM, MN, NP nfo 

" "^7(1 + -). be file polar and oquntorenl 
Mdii.PP^; the generating ellipse, which passes thioughP. 
PQ a normal at P, QR perpendicular to MN, Then n force 
perpendicular to the surfnee at P. may be represented by pQ, 
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nud imiy bo icsolVed into Ihiee repiesoiitcd by PN, NR, RQ. 
Hence, d ibc wliola toico be in llio cJiiection PQ, the pnrt lu 
llie direction of h will bo to that in the diiection of oi H 

O, Bs PN NR But =r _ , by Conic Sectiona , 


' MN ~ 7*’ 





blencc, /■/ 


G 


A 



w G y 

A a' 


1 +2e 1 , 


H 

• = l+2e 


G 

g 


Substituting, in tins equation, the expressions found in ( 58 ), and 
multiplying 8o into no term but the first, (ns all tbe other toims 
me small wiien e is small), wo find 


8 c 0(7) 6>|/ (7) 

6 (J'*+g^+ A“) • 




But J* + diffoia horn 7* only by a quantity ^vhlclv 

depends upon putting llieiefore 7"^ g®+ A®, since nil 

the terms rig smnllj 



IxC*^) X(7)}- 



0 


Or, since this nuist bo true, \viiptcvcr bo iho value of 7, \vq 
may put foi 7 tho goneinl letter c, and we have 
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54. If we put for (j) (c), ^/r(c) and ^^(c) llieir values 

. d(c* 1 + 2e) p (I (c®) , 

or/, p nearly. 


dc 


ftp > «"<* ^ 

and differenlinle, 

fZe , ipc 6n 

Jc* Jtp(P dc XJ^pc'^ c'*/ 

Tins difFeienUal equation it is always p688ible to integrate, at 
least by series^ when p is given lii terms of c , and the two 
arbitmry constants will enable us to make the value of e satisf} 
the equation fioin which it is denved. Hence, wdion p la given 
in terms of c, it is always possible to find the ellipticUy of ovOry 
smface of equal density^ so ns to satisfy the condition of this 
Proposition* 

66 * Prop* SG^ When this condition is satisfied, the Aiiid 
18 in equilibniim 

To shew this, we shall suppose any number of canals ter- 
minated iti the external sinfiice^ to be diawn to any point within, 
and wo shall find the pressure produced by the fluid in one of 
these canals, on the givOn point , we shall then shew, from tho 
expression, that this is the same for eveiy canal, in whatever 
directioh it be drawn 

Let P, (fig 17), he any point in one canal, p very near it; 
I et RP ^ J, Rp = 5+^5, let the co-ordinates of P be y, g*, A , 
those of^, J g + h + 3/if Then if a paralleiopiped 

be constructed of which P|i oi 3s Is the diagonal, (since it is 
ultimately n straight line), mul whose aides are parallel to 
/j g, A, respectively , the lengths of those aides will bo Sg, S/u 
To find how mucli the pressure of the fluid at P exceeds fliat 
at p, we must resolve each of the forces acting oti its particles 
into two, one irt the dtreotion of ahd the ollioV perpendicular 
to;?F, then we must add together the foimor, aiid neglect the 
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latter. Tbe forces me Fy G, II in the directions ot^, g, and // , 
liencc^ the sum of the foiceB in the directio\i of pPy is 

F cos pPq -h G cog pPi + H cos pPt 




— P in + G + H 


^17 


Ss 


And tlie matter^ iipoi) wlncli tlioy nct^ p (the section of 
the canal being supposed = 1 ), thcicfoio the pleasure winch 
they pi ocluce 5= ultimately 

p{F^f+ GSg -h H^h) 

Ifj then^ we can find a quantity V, sucli that 


dV ^dV ^ dV 

dg “ dh “ 

taken between the propoi limits, will be the prcssuio* 


56. Now, taking the expressions in (5^), and Uitogiating 
them by pmts, 


f 0C7) , 
i 3 l(/“+ g*+ hy 


p.i'(y) 




+ 5 1 ° {x(c)-x ~ 0’ + ^*‘>1 

p f 1 dp<j){y) d.pyj/iy) 

+ 3^7 l(/*+g«+ /,«)*’ dy "' 5 Q^+gO + /j*)f cly 

_ d pixie) - x(7)l , Tr;— 5 

5 dy iT^^'^^'dyr 

wholo y is the polar ladms of the spheroid of equal density, 
ipassing thtough the point wh 6 se co-ordinates aVe fyg, hi Tlie 
equatorial aomi-axis being 7(1 + e), wo have 
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f + (r 

<y^ ( 1 + £ e) ^ 


+ T 


whence^ Ji^^y^+ 2e y ®+g''* 

Substituting this expression lu tho filst teim of eocji line, wliicli 
la iDJge, and putting y^ only foi + + the olhci tcimsi 

^vhich Rie aninll, and obseiving; that thcit 

y^ + g^ 

nc luivG, for the 6 jsI line, 

~i + 3 7 Mx X <7)1 

“ 3 lx <c) - X (7)1 (/H g*) - -^ (/ * + g")} 

But, by Prop, 25, 

^-3 ^-3lx(«)-.(7))-,^ = o, 

and the first line i educes itself to this eKpression 

Making the same aubstiluUons in the second line, iL becomes 

4?r J 1 d p^iry) S d, p^lr(y) 

3 aJ TI 7 dy 5y ^ ' dy 
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The coefhciciit ofy’ + g* is 


^ <^>(7) + ^'/'(7)+^{x(«)-x(7)l + 

4-„ j-ij ^ fLte)_3 ^ y.(7) 

I dy by dy 5 dy 


37r i 


of which the fust pait is equal to 0, by llio eqiiatibn bf 
Prop and the second part is identically =0, ns will be 

seen upon puUuig for y , qnd — , 

dy dy dy 

their values 

d y^ d 7^G de 

fih’ 

Honco, the second line i educes itself lo lliiSj 

/*/! p<l>(y) ^ d,p\f/ (y) 2 y' d /o{x(c)— 

3 J 7(7 dy by'^ dy b dy 

Tlio expression^ therefore, for the prcssine, or — (A + -B), is 
a function of 7 only Let it=<I)(7), observing that the 
piessuie at the suifaco is 0, the pressure any wheie wilhm will 
be (7) “ <I> (c)* 

67 Now this expression does not at nil depend on the form 
of tho canal; nor upon the position of its extromUies, piovuled 
It be terminated in the suifnco, and; consequently, the pressure 
at tile point It is the same fioin the fluid in *1110 canal Si?, as 
from that in Ti?, or any oLhoi canal from J?, loimmatod in the 
extcrnnl smfuco, the point i?, therefoio, being equally pressed 
on all sides, will bo at leat. And the same may be proved for 
every other point, ihciefore evoi) point will be nt rest 

68. It will be observed, that the expression foi the piessure 
at any point, docs not depend upon the co-oidiimtes of that point, 
but upon tliG polar soini-nxia of the suifaco of equal density, 
passing thioiigh that point , and, thcieforo, the pressure is the 
same, where the density is the same The equation of cquili- 
bniim, then, is the same, whoLhei the density bo supposed to 
depend on the pressure, 01 not. 
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69 Prop 27 To find the whole foice on auy point at 
the external Burface. 


The forcea on auy point Jli the directions of x, y, hemg 
Fy G, ^nd ff, the wliole toice will he F** + -h • Tho 
forces pn n point at the suiface will be found by putting c for 
m llio Qxpiesaions of (52). Thus we find for a point at ibe 
siirfacej 


F; 


Gi 


H: 


4^ 1 

r * 

<p{c)~ 


yjy ( f \ 


^ 1 

ur+gHA¥ 

M/*+g'*+A“)^ 


¥i 

47r 

f 1 

‘/)(c)- 

iU^-3r-3g^ 


Stt] 

S 

i(P+7+^’ 

5(/+g* + /0^ 

T* I 

4jr 

f 1 

<ji>(c) - 

6A’-9/^-9g” 

d/ 

k 

'T 

1(7^h7+W 

5(y*+g* + A*)^ 

r Wj 

fii 


and hence aJ F'^ + (observing that Uie firat term only 

of each expression is largej 

If e be the elhpticUy of the external auiface^ 
wliicli gives for the force 


6 O 1 Suppose at the equator the cenhifugnl force = rii x 
gravity, being small tlie enrlh it is • The gravity 

V jjoy'' 
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4 TT (A r 

at ihe tquatoi, neglecting the small tonus, is ^ the 

3 c 

71*® 4 TT^ 

centrifugal force is . a = c, nearly. Hence, 


4 TT* 4 TT 0 (c) 

7 ;-r' c . 

T" 3 c® 


c 2 ’* c" 


Hence, the whole force at the surface 
_47rf0(c) 6 0(c) 


1 , 




6l, Tlio equation of Piop. 9,5, becomee, at the eurfacCj 


0 0(q) 3 \//(c) 3 TT 


2 r 


or, since 


37 r _ m 0 (c) 




Substituting from this iho value of 0 (c), wo find, for the force 
at any point of the surface, the following simple expression 


4 TT 
3 



A m 

“-ae — w B 

Q, 


c* y 


62 . For the force at the pole we must make /:= 0 , g ~ 0 , 
and the force, therefore, 

= ^ « 2o- m) 

3 c 

For the force at the equator wo must make /*+g'* = n® = c% 
nearly, and, theieforc, tho cquatoroal gravity 
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The Gseesa of the former nbove this 
4 TT 0 (0 5 i 


and llie ratio of ihia excess to ihe equatoieal gravity is — — c, 

£ 

5 T)\ 

Let \his = n tlien^ ^^4-6= — a very rcmnikable pio- 

poaitioiij winch may be thus elnted Whatevo be the law of 
the Earth's density, if the ellipticity of the suiface be added to 
the intio winch the excess of the polar above the equatoreal 

ginvity bears to thq eqiintoieal gravity, then sum vvill be 

9 , 

m being the ratio of the centrifugal foicg at the eqiiatoi to iho 
equfllorenl gravity " Tins is colled C/aif dittos Theoiem 

63. Prop 28 To find uu expies&ion for ginvity nt any 
point of tbc suiface, in teiins of the latitude. 

Suppose fig- l6^ to repiesent the Enitlds siufucc, PCI 
n normal ntP. Then, PQTSl is the latitude of P, and 

QN = PQ cos L 

Now, as we shall have to substitute only in the small terms of 
the equati on, PQ =i c nearly, and Q,N^ CN nearly = > 

hence ** -j- g® =: c cos 2 nearly Substituting this in the 
expression of (61), gravity 
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Gravity, liioiefoic, may be geneially cjipiessed by llm foi nuik 
-E (1 + « , siu^ where E = cqiiatoieal giavity, niid 

6 771 

71 + Q ^ — - 
2 


64 Prop 29 To bsicl the eUipticity of the Earlli on any 
flssiiipGcl law of density of tlie stinta 


Difteientmling the equation 


e 


<p (c) _ 3 \// ((.) 
c“ 5 


3 

I lx(c)- %(<•)} 



(I), 


we find 


(pic) — +3 3c , c® 0 (r)= 0* * . .(II), 


-and didGicnliaUng this. 



Jopo' 


de ^ ^9,pc 

Tc ^ “ ?) 


c 0. • • ♦ (III) 


No^v, when p is given in terms of Cy we must subslitiite it in 
ting last equation, nncl by intcgintiou find e The expicssioii 
will contain two arbitral y conslnnla one of these may^ iii gc- 
ncial, be convenieiHly cletoi mined by Bubstilutiiig in equation 

(II) j and llio othei by substituting in equation (I) Equation 

(III) may be liansfoimcd into one of a siniplei form, tlnis 

Lot ^ py and let pc ^ Vy o» e = ^ then, upon sub- 

stituting in (III), wo get 

dv c dp ^ ^ 
dc^ 6 * p dt 

66. Example, Suppose p = A and q being 

constant. As this gives a density diminisliiug fiom the center 
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to the surface, it is probable that it will pretty neaily i^presoiit 
that of the Earth. On substituting m (IV), we gpjt 


d? 



tlie complete solution of whicji 


(sinqc + C ^ cos flc + C' sin + O') , 

\ qc q(y 

C and C being aibitr^ry constants Observing that (p(c) = ?pj 



(die integral b^ing made to vanish when c = 0), and, afto^ 
finding these values, substituting then m equation (tl), we find 
that it reduces itself to 

45 C sin 

Cj therefore, must =0, and, therefoie, 


( 3 3 \ 

sin (7 cH cos nc ^ sin ffc ) 

qc q ^ 

Now, making use of this value m equation (I), and observing 
that 



and putting for the value | found in (60), the 
equation becomes 
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' 8in(/c 3 cos qc 3 gin 

5 sin 7 c c cos 5 c 

?' ? 

+ 2 C - villi') =0 

5 V c c y 


DotGimiiiing fiom this equation the value ^ ^ 've lincl the 
cllipticity of any stratum, whoso polar scim-oxis is c 


V 6 7)1 

Q> 


0 -—) 

\ tan qcy 


S 3 

I - ~ ^ 




qc 


q^c^ 


q^c^ qc taii^c 
qc 


Ian q c tan q c 


1 — 


ton qc 


For tlio ellipticity of the surface we must make c = c thus wo 
obtain 


5 7)1 


e = 


V tnnac^ V n^c qcAnnqcy 






qc q^c^ 

imqc taii^yc 
3z 


li z^l- 


tan (/c ' 


1 - 


ijin 


05= 




2 q^c? 

3 - - — 

z 


66 . Suppose <7 = r Then < 7 C= 2 ? =5^-53452, 

and ^ — 0,37703»^ And^ since 71 the increase of gravity 

at the polo = ^ ^ ^ ,62297. Tn the 
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Eortli 771= ^ \ tiieiefoie on tlieso nasuniptious^ 

21 o9 % 115 

1 1 

'Ehose me voiy uenily tlio snmo ns llie 


® 305’ ” 1S4,6 

observed values of e niul n 

61, Pnor 30 To compaie the mean deuflJty NVith iho 
density at the a\nfaco. If the whole sphcioid - consisted of 
innttei whose density = mean density, its mass would be the 

same ns it actunlly js Hence, the mean density = 

^ volume 

Now, neglecting the ellrpticily, the mass may be found by con- 
sidering It as a senes of sphoiical shells of different density 
and since the am face of one of these, whose lachns is c, is 
47 r c*, the mass of the shell w’Jiose thickness is is ulu- 

innlely 47 r * and putting ti for the mass, 


du 

77 


!47ry^/3C* = 47r p. 


and it the whole niafts s= 4vp, ^nd the volimio 

4 TT g - T 1 9 D 

^ ^ noilCG, the mean density =3 — ^ . And, if Iho 

^ c 

density at the surface = the laiio of the moan density to 

Q ^ 

that at the surface 

c p 

68 Ea^ample Suppose the same law of density rind tlio 
same value of <7 ns befoie. 


Tlim p = A 0^-°- C 0 . 5 .) 

, _^P_ _ 3 / 8 m QC c \ 

’ ' - 7:^0 V~r " g 

_ 3 ^ yc \ 3z 


f 
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69 Pnop, 31 To hncl the cBcct pioduced by the elhp- 
ticity of the Enrtli on the motion of the Moon 

LfCt the co-'Ordinntes of the Moon, icfened to the Enith's 
centerj hojy g, h li being peipendiciilai to tbo plane of the 
eqiintojj nnd f in the intei section of the plane of the equatoi 
and ecliptic Let NP, fig 18, be tho inleraection of the plane 
of tliG ecliptic by tho piano passing through g nnd A, and 
drawing iliP pei pendiculnr to NP, let NP^k^ PM=^l then 
y) hj Ij are the tinee conoid mates of f nnd k being in the 
plane of the ecliptic Let EF^p^ tan ikTPP^s, PjGN=0, 
PNO = inclination of ecliptic to equatoi =< 0 , Then, if PQ, 
PP, be diawn pniallol to k nnd g^ 

g =5 '^JCi RP K cos 8in o) 

li = QP + ilfR = A Bin o) + ^ cos u) 

Blit /c = psm0j / = p5; also y = p cos 0 Thus wc get foi 
the original co-ordinates these values, 

/=p C08 6 , 

g:=p (sin 9 cos w — 5 . sin co), 

= p (sill 9 sin co+s cos w) 

Let P, G, II 3 be llie forces in tho diiections of f, g, nnd h , K 

and L those m the diiections of K and 7, nnd P, T, the foicoa 

pniallel to p, poipcndiculai to p in the plane of the ecliptic, 
and perpendicular to the ecliplic Then 

X = G COB (0 + II am to, 

II cos CO ^ G am co 
Also P =3 P cos 0 + X sin 0 , 
r= F sin 0 — 2( to3 0 , 

S= L* 

SubslitvUing the values of K nnd L, 
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p ±z j? (ios 0 + (G cos w + -ff sjn a)) sin 6, 
T^F Bin 6--(G cos co+J/ siii w) cos 0, 
S ^ H cos w — 6 fiin 6) 

70 , Now, by Prop. 


G = 


4 TT ( 

0 (c) 

12 A* - 3 /”- 3 g" 

T 1 

'xr+g'+h')i 


4'7r ( 

: 0 (c) 

12A*-S/“ — 3g* 

1 

'(/■ + &“+ A')* 

5(/’+g" + AT 

4 TT 

f 0 (c) 

6A"-9/*-9g’ 

' T 


5(y‘ + g* + Ar 




tip on substituting these values in the expiessions for Tj and 
the quantity multiplied byv// (c) in each is inthej complicated, 
and It la, therefore, proper to take only those terms which, when 
substituted in the equations in Art 41, of the Physical Aatio- 
iiomy, will be much increased by integration With this re- 
striction, we have 


P:= 


4ir 


0(c) 


3 


4 k- 6x/,(c) 

J — I - sin w . cos <ti . cos 9 , s, 

S ip' 


= 1^ P 

3 * L* 


^(c) s 6^(c) , 

1 — z-'T- smeu.coscu am 


6/ 


‘’I 


1/3 (1+S^)^ Op‘ 

Lot -E be the mass of the Iisarth, The volume of n spheroid, 


ivhose semi-axcs are c Qndc(l-fs), hence, 

be volume included between two spheioidnl surfaces, is iil- 
imntely 
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Atw d((;^ 


Sc 


3 rfc 

and if the density bo p, the increment of the ninss is 


4 TT d (c" . 1 + ® e) ,v 


tlierefoie the mass 


Air p d(c“.l+25) , , V Ti 

- u = 

Alsoj by tlie equation of (61), 

i<2=o, 

\ 2/%^ <y 5 c 

^vhe^ce 

Honce, Me finolly obtain 

P = 




P w" 


^ / TO\ 2c^ „ 


8in CD * cos 0 * fi 


= -(»-!) 2 c" J3 . flin <u co8W.cos0.jj 
Ei »» 2 c* 

S = — rg + e . iS . sin (0 . cos w .sin 9 


HjIC S *3 j 'n A 

.. 4-0 .2c jG.sinai.cosw.siny, 

(T+7)?^ 3 

r 
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71 


The value of 


in the equation (/) of AiL 41, 


Physical Astronomy y la incrensed by 


m ^ ^ u - ^ 

e— - sin o) cos w sin t/. 

S 


E P fi E 

Now ^ = - Ti- 

h lJ.fi fj. 

and H — tfj nearly 

, > X, f. ^ ^ t 

henccj 9,c\r-E^9,c a . — , nearly^ 
h fA 

J L , S^Ps 

and the inciease or - ^ - is nearly 


£ 



I i. 

c a 


— 8111 W 




COS (0 , sin 9. 


Let the term which s receives in consequence be A si 11 6, 
Upon substihiting this in the equation, since 


d^(A sin 9) 
ds^ 


+ A sin 0 = 0, 


the only term, it nmII be found,^ which icceives mi incicment of 
the same form^ is 


f ts 

mu 






3 

nenrly,j the first part o( which will be increased by A sin 0, 


n being here the same as m in the treatise on Phystcal jli- 
trononiy Making then all the additional terms = 0 wlucli 
depend on sm 0, we have 
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— 4 3 . 

o\ A = — rr e — ^ c rt — atii w cos w 
3 71^ S ^ 

and tho teim in 5^ oi in the tangent of the Moon’s latitude^ 
- 4 

, e — — c fl" 


m n n ^ 

o , e — — c fl" — flin oj • cos o) sin o. 
3?i® 3 


This IS expressed in parts of the rndins , the number of seconds 

tt , . 1 , 11 . 180 X 60 X 60 . 

wilt be found by iniiltiplying it by And 


c«— ^nearly Moon ‘3 mean horizontal pnialinx Tho teim 

P 

iSj thciefore, 




t 1 ^ a 

„ , e — — . sin pHrnl. — sin cos tu am 0 . 

* TT ft /A 


72 a In investigating the alteiatioii pioducod in u, U mint 
be observed that the term 


fn ^ Q u ^ /I 

— e — —,20 , -pa ii/ . 8 in w cos lo , cos u s, 

2 A® 

which IS added to upon putting for s its value Asing 0 — 7 , 

ft tt 

will contain the terms sin (g— l) 7 , sin (g + 1 ) 0 — 7 j of 
which the former will be much increased by integialion And 

( 3s\ P 

1 I in — mti ^vill contain 5 ^s X the 

2 / /rn 

term added to s, or 

4 m ^ . E ^ 

5 . A sin go — 7 * e * c . am 0, 

which will also pioduco toms of the same loim To find the 
alteration produced m it is neccssmy to include many 
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terms depending ou 5® coa 6, fee., and some teniis among those 
added to P, 

73 The diaturbances in the Moon's motion produced by 
llio Em til's elhpticily, though sensible^ aie very email • Tho 
ellipticity of Jupitei produces considerable distuibnnces in the 
motions of Ins satellites^ and affects vciy much the piogieueioii 
3f their apsides, and the rogressioii of llieir nodes. 


ON liin 

METHODS OF ASCERTAINING 

THE FIGURE OP THE EA.RTH 

BY observation 

74. The simplest of all methods, and llie least dependent 
•n theory, is that of measuring, by Geodetic operations, iho 
listance between two places which nie nenily in tlie game 
lendioHj and observing the latitude of each If two meaguro- 
lenta of this sort be made m places whose difference of lati- 
ude IS considerable, llie ellipticity of the Earth may bo 
scertained , as we proceed to sheM^ 

76 • PiioP» 32, The Earth being supposed a spheioid, to 
xpreas the length of a small aic of the meridian at any point, 
I terms of the difference of latitude of Us exliemities, 

■^PQ'Bf fig 19^ be the meridian passing tlirougti ilie 
xtremities P and Q, of ^ small arc of latitude at P and Q, 
raw normals meeting m ii; then, R is very neaily the centre 
f curvature of j?, which bisects PQ. And, if D be the chf- 
3renc« of latitude of P and Q, PQR = D; 

, . PQ^DxpR, 
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Now pR = 


CK^ 


2yF pF^ pJ^’ , 
putting a and c for the senn-nvee. 

But pF = -^, .. pR=^-^ 

pL c 

And pLN = Jntitiule of p^ I ^ • LN ^p L cos L , 

CN= Nj)=:ipL sill L 

CN^ Np^ 

Substituting these in the equation — ^ — I ^ =s 1, we get 

a c 

cos® / + c® sm® I 


fL\^ 


1 , 


\pV = 


co^l + c® sin^ f)^ ^ 


S Q 

a c 


and -g- — sTi « " M 

, ^ (a COB l + c am i)^ 

(Pc^ 

lionco PQszD , TTr*! TKi • 

(a COB l + c aur Ip 

If the clllpticity bo amall^ let a = c (1 + c) , 

• PCi= 7-77 — ^ s — 57n ==*Dc(l +fic- S«coa*/), 

{c®(l+2c)co3®/ + c®ain®/p 

or =Z) (;(l-r0 + 3 e sin® /)j nearly* 

7G1 Suppose then two aics PQ, P^Qf^ have been measuiod 
suppose the latitudes of iho middle to bo Ij t the difference of 
the latitudes of P and Q to bo Dj that of P* and to be iX, 
Then 
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Pa 

D 


= c(l— c + Se 3in“/)j 


P'<^' . . . . ys 

- jj/ =c(l^« + 3c sin t) 


SublrRCliiig, 


p'q: 

jy 


m 

D 


~3ce (am® t am® 1 ) ; 


P'q _ Pa 

D' D 
9 c (am® l! — am® /)* 

PQ 

a c 18 small, wo may, without sonaible erroi, put for c, > 

W 

D' 

_ pa D' 

, ^ Fo’ D 

nonce e = — : — ^ s--r 

3 (am® t ~ am 1) 


77 ^Example. By Lnmbton’a measures in India, the arc 
the meridian from lat 8®. 9^38"J4 to lat 10®. 59'. 48", 9 « 
)2910O,6 feet. 


By Svanberg’a ineastires id Sweden, the aic of the meridian 
3111 lat 65® 31'. 3ia".3 to lat. 67®. 8' 49" 8 = 593277,5 feet. 

Here PQ = 1029100,5 , P'q = 593277,5 , D=102I0",5} 
■'=5836", 6, ^ = 9®. 34'. 44", 1' = 66®.20' lO". Make 


pq ^ 
P'q D 


!= cos* 6, 


>r 2 log cos 0 =! 20 + log FQ, + log If — log P'Q' — log Z) 
=* log PQ+Iog D' + ar corn log P’Q' + ar. com. log ZJ • 
50, the numerator = sin* 0. And the denominator 


S Bin 1* + 1 . am 7 - Z 
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leiice log c = Slog aui 0— log 3— log am t + i— log sm t — L 

By calculating from llie data above, e= 

^ 306,3 

78 Attempts have also been inadd to determine the ellip- 
icily of the Eaith by measuring the distance between two 
dIocos on the same paiallel, and dctei mining the difference of 
ongitudo, either by obsetvations on Jiipitei’s satellites, or by 
Dbsoivuig tlio flash of gunpowder filed on a conspicuous place 
jeLweeit thorn. The diffeience of longitude may also be dc- 
crmined by meie observation of angles, (see Pin! Trans 1790), 

79 * Bitor 33 To oxpiess the distance of two places 
on (lie same parallel, in teiins of their diffeience of longitude, 

Letjp, fig. 19, bo the places, L their differenco of lon- 
gitude Then, pq (which, when the arc is small, may be 
measured as a great cnclo without sensible enor,) =Lx CN» 


^ a* , cos I 

Now CzVt= -j-jpLcos ^ — aTv) 

c ^ V (a cos / + siu'* /) ' 

T ^ cos !> -w- 


= X . 0 cos I (I 4*6 + e sin^ /), 
if the elhpticity be small 

80. If then one aic has been measured in the meiidinn, and 
another on a paiallol, and if I be the latitude of the middle ol 
the mendional nre, I' that of the parallel, we shall have these 
equations 

s=c (1 — c + Sc , sm i). 


^ =6 LOS 7 (1 "h 6 + 6 sin^ 
f j 
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Eliminating c, e may be found. This method is not considered 
to be practically accurate 

81, The method which on account of its great facility is 
now very extensively used, is that of observing the intensity of 
gravity in diffeient latitudes, by means of the pendulum It is 
usual to observe the numbei of vibiations made in a day by tlio 
same pendulum, m the different places at which it is pioposed 
to conipaie the foice of gravity, and likewise the number of 
vibi'ntions made at London or Pans The obsei'vatioiis are 
commonly made in the mannei described in WhewelPs -Dy- 
7iamc^f p. 255 Note: but m some expenments tlio clock- 
pendulum Itself has been obaeived The compaiativo numbei 
of vibrations being foundj the compaiative foice of gravity, oi 
the comparative length of the seconds* pcncUduuij can be found 
(Wheweirs MecJiamcs, Art. 250 Wood's, Ait. 300.)’ J^nd, as 
the length of the seconds’ pendulum has been veiy accuiately 
determined at London and Pans, its length is known at all the 
places of obseivation The French astionomois have used a 
method moie direct, but less convenient, niid probably less ac- 
curate it 18 descubed at length in the Additions to Biotas 
Astimomie PhT/siqtie, p. 1S8, 


83 Let p and bo the lengths of the seconds* pendulum 
in latitudes I and l\ P that at the equator. Since these lengths 
are pioportional to the intensities of giavity, we have, by (63), 


p «= P (1 +« sin" /)"! 
p' = P (1 -l-MsinV') j ' 


. 5 m 

where « = e. 

2 


Fiom these equations, 



p ou a 7 sin’ I* — 81 n^ / ' 
^ sin I - 8111 I 

P 


which mny be calculated as the last example llieu c = 


5 m 


— 



])ET]!.i?jMiNr.n ^\Y OHsrji\ \rioN 


lai 


83. Eia7V2}Ie At Maflnis^ 

I = l3^ 4'. p ^ 30,0234 

At Melville Island, 

/'=74«,47' 12", //- 39,2070 

, 5 in . 

Ilenco, ;/ = ,0053214, and =,0080505, 


. 0 =,003329 I 


1 

300 


84 The elliplicily of llie Huitli has also been doteiminocl 
fiom the motion of the Moon. It appeals fiom (71), that in 
the exproasioii foi the tangent of llic Moon's latitude, tlieio is 
this term 


4 1 60^ 2 1 1 ' « II 4- n 

— e . — 3 . sin pni allax — sin obliquity cos obliquity , sin u* 

a zr.TT /X 


E Earth's mass 70 2 7}25 

Ji ^ Eaitli hMoou ” 7\’ ^ 365,25 

mean hoiizonlal puiallax =57^ obliquity =23^.28^, neaily 
hcnco tins Icim 


= — c- ^ 4891'' sin 9* 

M 

It 18 found by obseivalion that Llio coeHicicnt = — 

heiico f - ~ = — = ,0(>1()35. And = ,001730 . 

a 4Hyi 2 

1 

licncc c> = ,003365 £= — , 

Tho ellipticity, found by compnimg llio obsoived inequolity in 
longitude with the cnlculutod iiieqiinlily, differs littje fiom tins 

Q 
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85, The two lattei nietlioclsj it will be obseivcd, depend 

entnely upon the theory we have laid clown the firat 

fttid second aie quite independent of tlieoiyi Tlien near 
ngreemeut is one of the moat convincing pi oofs that the prin- 
ciple of gravitation^ and the suppositions upon which otu theoiy 
IS founded, are tiue, 

86. For the calculation of parallax, it is neceasaiy to know 
tile distance of any point on the Enrtl/s sin face fiom the Eaitli's 
centre, and the angle ACjPi {^g 19^ which is called the co}^ 
reeled latitude ALp being the into latitude, winch =5 the 
ole vn lion of the pole Tlie diffeience between llio true and 
coi rooted latitude la called the angle of the ceutoi 

8 /, Prop S 4 To find the distance of any point on the 
Eqi til’s surface fioiuits centei, in teiins ot the latitude of that 
point 

+ = cos=/ + aiu* A = 

L NC ^ 

(pitting for the value found in Pi op. 32 ) 

a® cos* /+ cNin® /’ ^ ^ C08® I + c Min^ / 

If the elhpticity be smallj 

r — A / (I cos^ /+sm^ I 

^ ^ ^ (r+ co 8^ / 4“ sin* / 

== r ( 1 + e cos* /) nearly = c ( 1 + c — c sni^ 0* 


88 Prop 35 To find the angle of the centcl. 


Ijet ACp be the corrected luUtude = t 

p N 

Tlien tan I = , tnn =s 

NL 


pN 

CN' 


tan H LN c- ^ c® 

’ ' tan / “ CAT ~ n* ’ ^ 



ANGLE OF THE CENTER 


m 


iJcnco, tan(^“0 = 


(- 5 ) 


1 + -T tair I 

a® 


tail I — tun t 
1 +tnii /. imi a 

(«® — (?) flin I cos I 
a^"co3V4-7^Tu?7 


When tliQ ellipticity is small^ putting I — l! for tan (/ — t)^ 
l — am COB / neaily = e am 2/ 

Tins IS in pails of the lacluis the numbor pf sQcpnds is 


180.60 60 


c Bin 2 L 



PRECESSION OF ITIE ECiUINOXES, 


AND 

NUTATION Ob THE EARTITs AXIS. 


ON IHK COWPOSITiON OF ROTATORY MOTION. 

1. Prop. 1 Ip a body revolve about an axis AB, (fig 1.) 
wUli an angular velocity and if a forge be impressed upon it 
wlitch M’ould make it revolve about the axis AC, with an angular 
velocity (i>\ then the body will not revolve about either of the 
axes AB^ AC, but about an axis AV^ in the plane BJC, 
dividing the angle BAC so, that sin BAD sin CAD a/ co 

2 It IS evidonU that the new nxis of rotation is that lino 
in the bocly^ winch, when the effect of both the original motions 
IS considered, leiiiflins at rest If, then, a line AD in the plane 
BAC be that axis, the angulni motion about AB, would tend to 
rniao any point in it, as D, above the plane of the paper, as 
much as the angular motion about AC, would tend to depicss 
It be/oiv the plane of the paper, Fiom D, draw DB, DF, 
pel pendicular to AB, AC, In consequence of ibe angular 
motion about A B, the point D would be laised above the papei^ 
with the velocity 

(0 X BD = ft) X AD sin BAD, 

And, in consequence of the angulai motion about AC, D would 
be depressed below the paper, with the velocity 


u> X FD = ft)' X AD sjn CAD 
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Making those equal, 

CO X AD am BAD = w' x AD . siii CAD ; 

' sin BAD am CAD a/ co 

3 Ngw, to shew that AD leally is the axis of lotation, 
lako any point J? in tho body with ceiUie A^ suppose a aplie- 
Jical surface doscnbed, passing tlnough P, and cutting AP, AC^ 
AD, in B, C, D y let BDC, BP, CP, bo aics ot gieat cncles 
Lot PQ, clinwn poipondiculni to PB on tho am face of tho 
spheiCj be tlio motion of P, piociucccl by tho lotalion about AB 
only, in tho voiy amnll time i^\ let PR, diawn perpendicular to 
PCj on the aurface of tho spliero, be the motion of P, pro- 
duced by the lotation about AC only, in the anme time , then, 
if tho parallologiaiii OZ2 bo completed, PS, tho diagonal, is the 
true motion of P, in that lime. Now CPU =?? 00^ = PPQ, 
adding RPB to both, CPB^ RPQ, Also 

sin SPQ am SPR sin SPQ sm BSQ . 5Q PQ, 


PR PQ 


But PR:=^(x}t X Sill PC to iiulius AC, 

PQ u)t X Sin P/? , 

sin SPQ smSPR .J.SmPC (o Sin P/i 

Sin BP) HinPDP 


And am BPD am CPI) 
Sin CD . am CDP 


Sill CP 


bin BP 

Sin PC Sin B D Sm PB , Sm CD 


* u/ Sm PC (o Sill PB, 

(since Sm BD • Sin CD : am BAD sm C/1 1) w to) 

Hence, sin SPQ am SPR .. am BPD sm CPD 

Since, then, the two angles CPP, BPQ, me equal, and oro 
divided into parts, whose amca mo in the same ratio, it follows, 
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thal those pai ta aiG equal, oi BPD=QPS. Adding to ench BPS, 
DPS =PPQ = 90 % 

and, tlierefoie, PS is peipendiculai lo iho plane A DP In 
the anme manuei it may be shewn, that the piano passing through 
any otliei point of the body, and through ADj is pei peiidiciilar 
to tho motion of that point, and, since the a\i3 of lotation is the 
line of intei section of all the planes perpendiciilai to tho motion 
of eveiy point, AD nnial be the axis of lotntion 


4 It IS hei6 supposed, that the angular motion about AB^. 
tends to laise all tho particles between AD and ACy and that 
the angular motion about AC tends lo depiess tlioin If, how- 
ever, the angulfli motions about both AB and AC, (fig* 2), tend 
lo laise the particles between AB and AC, produco CA lo Cf 
tlioii the nngulai motion about AC^ tends to laise the paiticlos 
between AC and AB, and tho angulai motion about AB tends 
to depress them Hence, the new axis of lotation will be tho lino 
AD^ winch makes am BAD sin C'AD (o co The same 
IS true, if both angular motions tend to depiess tho particles 
between AB and AC. 

6 Prop, 2. The angular velocity about the new axis AD, 
will be to the original niignlai velocity about AB, us sin BAC 
Lo sin DAC, and the aiigulni velocity about AD to the oiiginnl 
angular velocity about AC, ns sm BAC to sin BAD. 


6. Let co” bo the angulai velocity about AD, 
thou, PS^a/'t Sm DP 

Now PQ PS sm PSQ sm PQS sm SPR sin QPR 
sin DPC sm BPC, 

since _BP, DPy CP, are perpeudiculai to PQ, PS, PR, lo- 
apectively. But 


sm DPC 


Sill DPC • 


Sin DC sm DPC 


Sin BC . sin BCP 


SmDP 


SmPP 
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putting then foi' PQ nnd PS then values, 

n Tin tf T-VTI SinJ)6’ Sill PC 

" ‘ *■" tosF’ 

hence, oi Sin DC Sm BC sin DAC sin BAC 

iViul, since w to am BAD gin DAC by (Q) , 

. (D am BAD sin BAC 


7. Wo have supposed, in the enunciations of the Propo- 
sitions nbove, that an angulai motion about one axis, is suddenly 
lUiprosseil upon a body winch had pioviously an migulai motion 
about anothei nxia It is oviclentj that tbo concluaions me the 
same^ if wo suppose both nngulai motions to bo impiessed at 
once. 


8 Fiom those Pj opositions, compaiod with Piop. 4 , Wood's 
Mechanics^ or Ailicles 26 and 27^ Wheweira Meclumts^ it 
appeals^ that if two foicos in the cliiections AB, AC, bo pio- 
portioiial to cOy tc, then resultant will bo 111 the diiectiou AD, 
and will bo propoiUonnl to lo* And hence, if ecvoial angular 
motions wcio impiossod upon n body nt the snmo tune, llio now 
axis of lolalion and tlio angulai velocity nboul that axis would 
be found, by luidnig tho direction mid magnitude of Uio lOsuUnnt 
of foicos 111 tho dncclions of tho sovcini axes ol lotation, and 
pioportional to llio angular velocities^ 

9. If then a body 1 evolve about an axis, mid angulai motions 
about two othoi axes be impiessed upon it, it is indilFoiGnt 
whelhoi wo hi si compoimd tho two impressed motions, nnd llion 
compound then resultant with the ouginnl motion^ 01 compound 
tho original motion with one of the impiossod motions, and then 
compound then icsiiltant Muth tho otlioi motion For, in com- 
potindiiig the forces pioportional to those migiilni velocities, llio 
Older 111 winch they mo taken is indifloiont 

10. If tho angulai motion about AC bo not producod m- 
slnntaneously, but by the contiiuied action of a linito foico,^hj 
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effect may be found, by auppoaiiig tlio time divided nito a great 
number of amnll intervals, and supposing tlie angulai velocity 
geneiated ip each of tliose intervals to be inipiessecl at the end 
of eoclij and llien finding the limit to which we approach, by 
increasing indefinitely the numbei of these intervals 


11, Piiop 3 If a uiiifoini fOice act upon the body, tend- 
ing to give It a motion of rotation about nil axis which is always 
pGrpendiculm to the axis about which it is at each instant 
revolving, and always m the plane BAC, (fig 1 and 3), the 
angular velocity will be unalteied. 


Let ft) be the onglnal angular velocity; and suppose the hiT- 
areased force such na would generate m the nngulni velocity 
Let this be divided into n parts , then the nngulai velocity 


jenerttted in each of these parts, is 


Compounding llio 


ngulor velocities to and of which the axes AB^ AC^ (fig 3.) 

7t< 

re at right angles to each olli er> we fi nd, by (7)j the new 
iignlar velocity about AD = \/ u)^~+ ^ Compounding this 


ngular velocity with the angular velocity « ^ geneiated in the 

71 

acond small interval, and observing that the axis Acj about 
»hich It IS produced, is perpciubculai to the axis AD, about 
diicli the body is now revolving, the angular velocity at the end 
f the second mteival, la 




I the same way the angulai velocity at the end of the third 
teival, 18 



(OMP^OMHON OK ROTVTORV MmioU 


12 ^) 


lljut nt Uia end of the nUeivnl, oi at tlio end ot 

i / i , na^ ^ \/ « . 
y w -\ 1 y cu + *— 

H n 

Let ;/ bo incicasetl without limits and tliia bepomcs =i yy/w^ = w, 
Tho augultu \elocity, tlierefoie, is not alloied m the lhat 
aucl fliiico the sntne denioiistiation niiplies t6 every siicceocling y\ 
It follo^vs^ that tiro migulqr iiiOtEoii is luinttGied. 


IS Pnoi’ 4 Undci tho sanio cnciimstniices^ the n\is of 
rotation h«s a unifoiin motion in spaco^ from the position j4Ti 

townida AC^ and the niiglp tioscribed m 1^' ^ , 

(D 

Suppose divided into n paitSj ns in tho first Proposiuon, 
and flupposo ilCj, (fig 1), to bo at light angles. If we 

suppose the nngulai velocity - , about tho a%i8 AC^ to be im- 

01 

piGsscd liiatautnneously^ nnd suppose ilD to be the new axis of 
revolution j then^ by Pi op 

* Hin BAD ^ a 
sin CjI T) }} (o * 

oj, 111 iho piesciU caso. 


am BAD 
cosBAl) 


01 tan BAD = 
n w ?/ a) 


Suppose If vcjy much uici cased , then tan BAD beingdiminislied 
Without iuint; we mi\y pul tho a(c foi tho inngont, liciice, 

BAJ^ =s-^ And ainco, by the lust Pioposition, llio niigidai 
nw ' s' 

velocity rjoniains luialloiod, aiigloa equal io BAD will be nddrj 

to J^AD 111 oath ancccoding interval; inid, ihorefoi’e, at the end 

of tliG oxiS of revolptian will t)c tndifled (o tho ImOj vvIbPh 

\\:m the of revoltirihn ut lhc\ buginning ol ihnt by tho 

R 
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?le " Since tlie same is tine ot every successive l", lliu 
* w 

IS of revolution will move fiom tlic position JfJSj tOM’uula llio 

u 

sition AC, With the angiiini velocity — 

(t) 


13, Piiop 6 Uadei the same circiimstunceii^ if » sphoricnl 
rfacfi be described in the body about the point A, at \\lncli 
Q axes intersect each other, the points ut whicli llio succGsaiMi 
es of revolution cut this surface, will Ijo ui tho circiiiuroiclitcu 

n small circle^ uhose rndius = radms of tlic apbero X 


arly 


Let AB, (fig 3)j be the original axis, and, as befoio, aiipjioao 

divided into n parts, nnd the angular velocity - , nlioul uu 

? f- 

IS perpendicufar to the u\is ofiotation, to be impressed at tlio 
id of cacih At the end of the first interval, tho axis will Ijo 

anaporled from Ali to AD, the angle BAD being = 

nio 

id at the end of ihd second nnd succeeding jiUcivals, iL will 
ive the positions AD, JD\ 8cc in space, each of llio miglort 

uzy, D-AB”, sc,; be,„, = i, No.v. i„ ' 1 , bodj. 

■volvm through S , hoooo, if on the eiirfaco of tho .pliore, llm 


ngle UDd' be made 


» and Dd' ■■ 
n 


DD\ ^ jB tlifl point 


I d' is u coincides ,vuh X>\ aitil 

CO "• at the end of ll m 

Bcond interval, ,s the a.ie of rotation. In the anma mnnnc, . if 

'd" make wuh Dd' produced the angle ", and 
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now, 71 mci eased wUliout limit, oi the number of llio aides of 
tlio polygon iiicrenacd without liiiiit , the limit of the lino liaced 
on the splieiicnl am face by its intei sections with the siiccoasivc 
axes, IS a circle. 


14 To find the ladius of tins ciiclej we observe, that if the 
circle and polygon be small, the sum of all tlie angles at D, d\ 

Sec. but, qinco each of them = their number, oi the 


numbei of sides of tlio polygon = . And tlie length of 


cftcli « AB X lliciefojc the cnciiinreieiice of iho polygon, 
oj ultimately of the ciicic = A^B a ^ theiefoie the jadius 


of ibo circle = AB x 


0) 


CO 


15 If tlic foico Mdiich nets upon the body be ncaily, blit 
not exactly, iimfoim, niul if the axes about which it tends to 
produce motion, bo not contained in the plane JBACp then the 
pi opositions above will be nenily, but not exactly^ tiue The 
lino tinced on the sphoiicnl suiface in Prop. 5, by the siiccessivo 
poles of rotation, will bo u sj^iral appioaching veiy nenily to a 
circle the chniigo of position of the axis in space at eveiy instant, 
will bo in the plane passing lluoiigh the axis of rotation, 
and the axis of inipicssed motion at that instant, and the 
velocity of the cliangoj though not iniifoinij will be at that 

Cl 

instant . 
o> 
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ON PRECESSION AND NUTATION. 

l6 Prop 6 To explmn the plij^aioal cauae of solar pro- 
cession^ and solai uutatjon 

IjOt A, (ftg 4)^ be the Eurili’s centre , AB the axis of rota- 
tion, S the Sun, CHG the equator of the terrealiial spheioidf 
CAG that diameter of the equator, which la peipendicular to 
and suppose the Eailh to be in the position which it haa 
at the sunimei sojslice* In the succeeding investigations, which 
relate only to the motion of the Earth about its centei of giavity, 
we may suppose the cenlei of gtnvUy to be kept at rest, and Iho 
motion of the Eailh about this point will be the same, na if wo 
siippoaet) It mo\ing fieely, (Who well’s Dj/mmicSj 
Poisson, Mecaiuguef 402) Suppose, then, A the Earth^a 

ceiitei, to be at rest, and conaidci tlio effect which the Sun*a 
atti action would then produce on the Earth* If the Enith weio 
spherical, it is evident that the Sun's attixiction would have no 
tendency to give the Eailh any rolntiou about the center 
But the Etnth is an oblate spheroid, we must, therefore, con- 
sider the effect ptoduced by the Sun's attraction on the parts of 
the spheioid which aie exterior to the sphere touching the 
spheroid at its poles, Now the Sun's atti action la inveisely as 
the square of the distance of the mattei nttiacted , and, con- 
sequently, the attraction on the spheroidal protubeiance at is 
graatei than the attraction on that at H The effect of this, 
supposing the Enith at lest, would evidently be to give it U 
motion of rotation about the line CAGj in sucli a diiection aa 
to bring the point K towards B. But the Earth la not nt lest, 
but 13 revolving about the axis AB, which neatly coincides with 
llie axis of the splieroid, in sulIi a direction as to cniiy the 
point C towaids K This, then, is exactly the case considered 
in Prop. 4 The Earth has a pievioiia motion of lotntion , and 
a iorce acts on it, which, foi a abort time at least, is uiiifoim, 
and which tends to give it n motion of rotation lound an axis 
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peipendicular to tlie axi 8 about which it la revolving The axis 
of rotation, therefore, moves from the position AB townida ACj 

(leacnbing lu each 1 ^' the angle ^ . Let AD bo the position ot 

to 

the axis of rotation after a short lime , and let JL bo perpen- 
dicular to tile ecliptic. It IS evident, that the path of the pole, 
or the arc joining SDy is a tangent to the circle passing lliroiigh 
Py ^Tho^e cenlei is in AL, and whose plane is peipendicular to 
AL ^ and that the motion of the pole in this circle, is m a 
diieclion opposite to the diiection of the Eortli’s rotation, oris 
^'etrogiade This, then, is piecession of the equinoxes 

17 If we now consider the situation of the Eai ih at the 
winter solstice, (fig 5 ), it will be seen, that the Sun’s atli action 
upon Hy 18 now gi eater than iho altiaction 011 K , mid, therefore, 
the motion of lotatioii about CAGy which the Sun^s action 
tends to pioduce in the Earth, is in the same dnection ns before 
The motion of the axis of rotiition is, theiefoie, in the same 
cliicclion as at the summer solstice 

18 . If the effect of the ^uu’s action be examined lu niij 
othci aitiiatiou of the Earth, it will be found that, as the small 
lino BD IS always peipendicular to the pinna passing lluougli 
the Sun and the Eaiih's axis, it is not always a tangent to the 
small cncle whose centei isiii jIL. The Sun’s action, theicfore^ 
Bometnuca inci eases the inclination of the axis of rotation to the 
axis of the ecliptic, nncl sometnnos dimmish cs it , but, (as 
phall show heienflei), does not peimnnently alter it. Ting phffi 
nomcnon is oije pait of solar mUalion. The angulni motion 0 
tlio axis of lotalion about the axis of the ecliptic, is alwnya n 
the same dnection, but as the action ot iho Sim is cliffeient u 
difteicnt positions of tho Eaith, fuid n 0 at the equinoxes, ihi' 
angular motion 01 piccession is inegulai Tho collection wind 
It is necessary to apply to a umfoini piecession, la the oihci par 
of solni nutation 

19. Piiop G To explain the physical ennso of hum pie 
cession, and hiiuu nutnlion. 
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13i 

Since the Moon desciibes, (very nearly)^ a gieat ciiclc about 
the Earth in a month, in the enme manner as the Sun in a year, 
the same explanation which has been given for the pieccsfiion 
and nutation produced by the Sun in a yeai, will apjily to those 
produced by the Moon m a month But the monthly nutation 
produced by the Moon is so small, that it is veiy seldom coii- 
sideied Since, ho\^ever, the magnitude and dnection of the 
permanent precession produced by the Sun, depends upon the 
inclination of the Eaith's axis tg the axis of the ecliptic, oi 
Sun’s apparent orbit, it is eas^ to see, that the magnUiido and 
direction of the precession produced by the Moon in one month, 
depends upon the inclination of the Earth’s axis to the axis of 
the Moon’s orbit Now this is perpetually voiyuig, the axis 
of the Moon’s orbit revolves about the axis of the ecliptic in 
about 18 years, 7 months, with a motion neaily unifoim, and 
preserving nearly a constant inclination The velocity and 
direction of the motion of the Earth^s axis, pi od need by the 
Moon, i8j therefore, inegular We shall shew, that the pre- 
cessioiinl motion, though nregular, is peimanont, but that tlio 
altcraliou in the inclination to the axis of the ecliptic is perio- 
dical , the mclination reluming to its foimcr value, in a revo- 
lution of the Moon's nodes This change m the inclination, is 
one part of Iiinni nutation , the other paitis the collection winch 
must bo applied to the mean precession, in order lo find the 
true 

20 Prop 7. The velocity of the Earth’s lotalioii n un** 
altered by the action of the Sun and Moon 

Since the Sun’s action would give the Eaith a motion of 
rotation about an axis, in the plane of the equator of the ten os- 
trial spheioul, and the Moon’s action would give it n lotatimi 
about another axis in tlio same plane, then combined action 
would give the Earth a rotation about a third axis in that plaiiOj 
by (7) 

Now to shew that the Eiuth's tingulai velocity is unaltcjcd, 
wo must shew, that tins axis is always peipcndicuhn lo the axis 
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of lolntion. Let AC, (fig 3)^ be this axis, AB the axis ol 
lotnlfon, by (15)^ the points ot interaection of this axis with a 
sphere described in the Earth about lie nearly in a small 
circle, Mlioae center is E The ellipticity of the Eaith is pio- 
cliiced by its rotation, and since the axis of lotation passes suc- 
cessively through all points of the circle J3F m one i evolution, 
the axis of the spheroid will pass tliioiigh E, the center of that 
circle, AE, theiefoie, is peipendicular to AC s oi if EC be 
joined by an arc of a gi eat circle, EC la a qundiant And EBC 
18 a right angle , hence, JSC is also a quadrant, oi BAC is always 
a nglit angle Consequently, by Prop 3, the velocity of rota- 
tion IS not alteied 


21, Pnop 8. To calculate the value of a, the force 
acting on the Eaitli being the attraction of a distant body, and 
the Earth being a homogeneous sphcioid 


Let A^ (fig G), be the Eaith’s center, AB the axis of the 
spheroid S the atti acting body , take P, the projection of any 
point of the Earth, and draw FN pcrpendiculai to SA, and 
PM perpendiculai to the projection of the equnloi Lct^ be 
the Qtli action of S upon A , then the attraction of S upon P, is 

/ O'* ^ 


taken to repiesent the forcaf, SR will repiesent the force on P, 
and RA the dififeience of foiccs on P one! A, oi that diflroiencc 

of fojces = f and is in the direction RA Now if a 

^ SA 

force/ weie applied to every point of the spheroul, in the direc- 
tion iSM, it would produce no effect in giving the Earth a motion 
about A , without altenng the motion, thciefoie, we may suppose 
this foicQ applied , that is, we may suppose the only force acting 
at each point, to bo the difference of the foico really acting thoie, 
and the force at A. In the figure, the point A is evidently the 
piojcction of the axis, about which those forces would make the 
Earth revolve We must, therefore, find the momentum of llie 

foice impiesfied on a particle at P, about the cenlie A* 
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Let 6'Q=5A, then, S being veiy diatant, AQ, is netiily per- 
pendifcular to SA , niid 


SR = 


sa^ 


iSQ - pay 


= SQ + aPQ, nearly f 


RA 


01 IiQ = £PQ Tbe foico y mny now be lOBolvorf 

o A 

uUo 

j.liQ j ^ Qy^ ^ ^ SPQ, ^ PN 

^ S± SA ’ iSA ^ 

f 

acting at P in the directions QP, i’N Their moiiienta to 
turn the Earth in the direction KB, me 

iPQ.FN , PN.PQ 

—gj—. ».Kl -f^m, -jj~. 

(consuleiing PCi parallel to NA), the sum of these 

PN PQ 


~ — $y Sni . • 


SA 


If the obsoluto force of the aitraotmg body Sr^S, atid SA = rt 

r ^ 

then / = and the momeut of the forcd on P 

PN.PQ 

r 

Let AM=^x, = SAS^e 
Then mn 6 — tcos0, ’ 

PQ=PP AT cos 6 sin 9 

t 

Substituting these valiipd, the moment, of the force on the pnN 
ticle at P- * t * 
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22. We must now find the sums of the expressions 

cTj/Swj for ovei 7 particle of the spheroid Suppose the 
spheioid divided into slices by planes parallel to the plane of , 
let two of these be at the distances x, and 2 + lespectively y 
2 being measured perpendicular to the plane of and Sz 
Jaeing small , and let the included slice be divided into prismsj 
by planes pai’allel toyZf two of these being at tlie distances v, 
and 2 ? + 5a; fiom the plane of yz:, and take a poilion of this 
pnsnij included between the co-ordinates y and y + Sj/ The 
volume of this portion = and if k be the density, 

the expiessioii xy^m becomes, foi this poition, 
ffp be the sum oi xyim foi the prism, 

^ • K ry, 

ox dx — — , 

taking this between the limits 


-;j;% and y 



(since the equation to iho fiurfaco of the spheioid is 



1)> = o 


TIcncc, the sum of xylm for the whole spherouh 18 = 0. 

23. Toi the sum of it appears in the same manner, 
that if fi) be the sum foi the prism, 

dy ^ » 

ft — 

wliicli> tnkon between the limits T - ^ — t* — givea 


« =5 2/c5z . Sa , - r* — .r* — 

a 

S 
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This IS ultimately the incieiiient of lUe sum of foi tho 

slice, produced by giving to x the increment Sa: y calling tins 
sum V, 


dx 


n ^ 


and 


% being conaideied constant in the integifilion 
The inteKni] is 

^4 

• 81 H 


yj 


' • 7r { “ i ~ 


+ 


V 


— 1 
a* — 5;’ ) 


Tlie limits of r me the least and gieatest values of v in llio 
slice, that iSj the values given by the equation to the siiiface, 
upon making 3 ^ = 0 , tlioy nre^ therefore^ T \/ nml 

,, ^ {a-zy 

v^kdz - TT. 

a 4 

NoWj if n be tho sum of for the whole spheioicl, is 

ultimately the inclement of Uy ansing fioin giving to % the in- 
clement bz*, lienee^ 


du 


= 4 r=<(„-_a»v+=*). 

.„_1 £ I 

a 4 V 3 5 / 

taking tins between the limits %=^a, 


u = k - - TT . « — k a i. X a 

u 15 15 
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24 lu the same manner, it would be found that the sum 
of the for the spheroid = x c® Hence, the 

moment of all the impressed foices 


^ ka^c {a^ — c^) am 9 
7 lo 


cos 0 


25 • Now^ to find the angular velocity winch this would 
generate in l'' about the axis whose piojection is A, we miiat 
(WhewelVs Dj/namics, Art 74 ) divide tins by the moment of 
ineitia, or the sum of (a;*+y^)Sm for the whole spheroid, 
This sum is found m the same mannoi to be 


= ~ ka^c (a^ + c®) 
}5 


Hence, the angular velocity generated in oi a, 


3S 

— ir “5 o . am 0 . cos u 

a^+c^ 


26 , Prop. 9 To calculate a, supposing the eaith hotel 0 - 
gcneoiis 

Suppose the Earth composed of stiata of diflfeient densities, 
bounded by spheioidal eui faces of different ollipticUies, ns in 
the Treatise on tlie Elgin e of the Enith Lot c be the semi- 
avis of any one of these spheioids, e its ellipticity , c the semi- 
axis of the extoinal suifncc, 0 its ellipticity, p the density at 
any point, p and c being functions of c. Then, (since 
= iieaily, and a^4-c^ = 2c^ and = nearly) ns in 
Prop 22 of the Figure of the Eaith, wo shall have for the 
moment of the impicssed forces. 


B B r 

— r Sin 0 , cos 0 . • /o P • 

?• 15 ^ 


= — sui 0 . cos 0 . (c), 

7 10 


dc 
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And llie moment of mciUa 


_ 8 TT ^ d {c^) 


8 TT 

Is 


cr(c), if (T (c)=iyi/0 


dc ‘ 


Hence, the Emth being heterogeneous, 

3S ^/.,(c) 

a = . 8111 y . cos y ■ ■■ — . 

r <r (c) ^ 

27 . In the investigation of the value of a, we have sup- 
posed that the only foice which tends to -give the Earth a 
lolaloiy motion nbout AC, fig 3 and 4, is the action of a distant 
body This, howevei, is not fitnctly tiue, for, aincc AD, the 
axis about which the Eaitli is at any instant revolving, does not 
coincide with AJ3 the axis of the figure, the centiifiigal force 
will diminish the effect produced by the distant body. With 
an ellipticity, liowevei, so small as that of the Eaith, this di- 
minution 13 not sensible. 


28. Prop. 10, To investigate the quantity of solar pre- 
cession for any given time 


Suppose EC, fig 7, to be the projection of the ecjiptic on 
the surface of a sphere described about the Enrlh*s contei , S, 
P, Q, the projections of the Sun's place, the pole of the Earth, 
and the polo of the ecliptic, join SP by an aic of a gieat 
ciicle. By Prop. 0 and 9, the value of a is 


SB.S 


sin 0 cos 0, 


9ft / 

JB being 3^: ■ ^ « if the Bnrlli be homogeneous, and “= r- 

o'(c) 

if the Barth be heterogeneous Ilow, 9 is the angle made by 
the Enith’s axis with the line joining the centers of the Sun and 
Earth, and is, therefore, m fig 7, lepresented by SP hence 

3/l,S 


a = 


sill SP cos SP^ 


80LA.R PaBCEgSION 


141 


andj by Pi op 4, llio pole of rotation moves with the velocity 


a 3 U S 

- 01 — = — Bin SP COB SP^ 
(i) r (o 


in the direction Pp peipeiidiculai to PS. The lesolved part 
of this moUonj perpondiculai to PQ, oi parallel to CJS, is 

3 5 S 

— 3 sin SP cos SP . cos SPC 

9 0 ) 


Let ESj the Suns longitude = 2, QP the inclination of the 
equatoi and ecliptic = / Then 

cos SP := cos CS . coa CP = sin I sin Z , 


am SP = 


sin PC ^ cos I 
sin PSC sin PSCJ 


cos SPC = cos SC. sin PSC =8in Z.sin PSC, 


iheiefoie, the velocity of the pole painllel to CS is 


35 S 

r^ft) 


coa I 8in^ I, 


and the motion of tho polo in that direction 

3 5.S ^ ^ r 8]n^l SB S ^ 

=3 am i cos i . / . — 3-* 3= sill i . cos 

w ty c ^ 



dt 

• Jz* 


Now, by Alt of Physical Astronomy^ neglecting the Earth^s 
inaaa in compaiison with the Sim'Sj 


dl 

where a and e aic the aomi-axia-mnjoi ancj cxccntncity of the 
Siui^B nppaicnt orbit; llioiofoie, tho mot;iou of tho pole pai^lloj 
to CS 
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3 


w ^/ a (l — e®) 
01 {a , \ — e*)® 


am I cos I 


\fi — 

am J. cos/^ am® Z(l cos/ — i) 


wheiQ is the longitude of the Sim*8 peiigee. Lot T^\ yetii 
by Art. 15, of Physical Astronomy y 


r= 


Stt • 


our cxpiesaiou becomes than 
6 TT j5 

ft; — t; 5 ^ ami ,co8 J/Jain®/ (1 +ecos/— ft) 

/ w. (1 


J TT 


B 




3111 J COS I 


X ^C + /— +e.8in ft— ^ 8in/ + ft— g sin .*3 / — ft^ . 

The tliiee last teims of this expression tiro so small when im- 
moiically calciilatedj that they are rejected, and the motion of 
the pole parallel to CS, is, therefore, 


37 r.-B 


3 TT S 


. -B ^ T /r I 7 

— C 08 Z^C + ^ — 


3w B ^ T ( n \ 7 2/\ 

or — y — - am J. cos i + / ^ ^ nearly. 


29 The first term of this exprosaion never changes sign, 
but lucreases aa / increases j and is, iherefoie, nenily propor- 
tional to the time from any fixed epoch , it is the precessionid 
motion of the pole. The second term is peiiodicnl, going 
through all its values in half a year it is the correction which 
miifit be applied to the place of the pole found on the sup- 
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position of unifoim picceflaion^ in order to obtain its tine place. 
Tins IS one part ot Solai Nutation 

30. To obtnin the precession of the equinoxes, or the angular 
motion of P ubouL Q, we must divide the oxpiession above by 
smj, it 18 , therefoie. 

The fiist teim la the uniform piecession, the second is the 
coirecLion to be applied to jt, called the Solai Equation of tlie 
Equinoxes in longitude, 

31 Prop 11 To investigato the change in the inclination 
of the ecliptic, pioduced by the Suns action on the Eaith. 

In (28) it was found that the velocity of the pole in the 
duection Pp, fig. 7^ is 

o TD Q 

— ^ — am SP cos SP , 
r 0 ) 

iheiefoie, its velocity in the dnectiou PQ, 

= sin SP . cos SP . sin SPC. 

But 8in SP sin #SPC = sin 5C = cos Z , 

cos 5 P = cos PC # cos SC = sin I . sin I , 

tlieiefoie, the motion m the direction PQ, oi the diminution 
of the inclniation, 

S B . S Z’ sin Z cos Z 
= Bill 1 / . a r 

CD t/ ^ ,3 3 


whicli, as in (28), is changed into 
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Neglecting^ as befoie^ iho terms depending on c, Lins is 

Sir B coa 2 1 

— am 1 — 

T(i} 2 

or, }i I be the menn inclination, the true inclination 
_ Stt S ^ coa S I 

I — 


The tejm added to I is the second pait of Solar Nutation, 


32. If we call the two paits of Solni Nutation, mentioned 
m (28) and (31), x and y, vve shall eaailjr peiceive that they are 
connected by this e€(uation, 

^ 

\3 TT JB . sin J. coa // \3ir^B siii 

This IS the equation to an ellipse, whose axes are in tlie latio of 
cos J ’ 1. Thus 18 explained the constnictipn m Woodlioiiscs 
Ast9 07}omy^ new edition, p 367, 

33 Prop, 12 To investigate the motion of the pole pio- 
duced by ihe Moon m one sidereal revolution 


By (9), It appears, that instead of oonsidenng nt once the 
effect of the Sun and Moon upon the Earth, we may first in- 
vestigate the effect produced by one, and then add to it ibo 
effect produced by the other For the effect pioduced by the 
Moon, the investigation js exnclly similai to those of Piop 11 
iqd 12, and the same figure may be used, observing that, as 
EC 18 the great circle apparently desciibed by the Moon, Q 
IS not now the pole of the ecliptic, but the polo of the Moon^s 
Drbit. Therd is only one difference putting jG for the Eaith's 
ibsoluto force, M for the Moon\ foi the time of a sidereal 
evolution of the Moon, I' foi the inclinatioa of the EaitU'^ 
^xi8 to the axis of the Moon s orbit, xt foi the mean distance. 


~ will be 
i I 


7 ^ 


and r' will be 


2 TT 

VaffM)' 
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, 1 . 3 tt /i M 

flndj tliGiefoiej mstend of — , wo must nut — . — — ^ 

T(o 1 to B M 

If the Moon's mnsa bo --th of the Earth's, this =1=77 — ; 

n T (i) {n + 1) 


Thus we find foi the moUon of the pole pniallel to the Moon's 
orbit^ 

3 TT . B flin I' cos ^ , j sin 2 /\ 

f^ui (» + 1) T” /' 

and for the motion perpendicular to the Moon a 01 bit, 

3 TT J3 am /' cos 2 1 

r'a)(i? + l) 2 

I being now meaauied fioiB the mteiseclion of the equator wilh 
the Moon's orbit. 


34 The latter oxpiossion, and tlie second term of the 
foiinerj are periodical terms, going thiongh nil their changes of 
value t\Mce in a month then magnitudes, besides, me bo small, 
that they aie generally neglected. 

Supposing I incieosed by Stt, wo find, for the motion of the 
pole produced by the Moon's action in n sidereal i evolution, 

6 TT^ , -B sin , cos r 

T'o) (/T+1) ' 


which motion is parallel to the Moon's 01 bit, 01 pei pendiculai 
to the gicat circle joining the pole of the Eaith with the polo 
of the Moon^s orbit 


36. Prop 13. To mveeligate llie piccossional motion pro- 
ducod by the Moon’s action duiing u long peiiod 

Let Q, fig 8, bo the pole of the ecliptic , q that of the 
Moon's orbit ; P that of the Earth . lot lliehi be joined by arcs 
of gicnt circles; then, by the Inst nilicle. It appeals that by 

T 
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the nctiou of the Moon, the pole is in the time 2'' curried in tlio 
diiactioii Pj), peipcndicnlni to Pq, through the me 


T'w{u-\-l) 


sill q P . cos q P 


Tina may he represented by supposing tlie pole to have the 
velocity 


(i-tt’. B 

rV(w+i) 


am q P 


coa qPf 


in the direction Pp Its velocity then m a dnection per- 
pendicuki to QPj is 

6 TT® . P „ y. ^73 

jPi smjPaCOB^PaCoa QPq 

This we must express lo terms of QP^ Qy, and the angle 

PQg. 


36* Now, 


^ cos Qy--co 3 QP (?08yP 

sin qP • cos QPy = == — i 

^ am QP 


but coa y P — cos QP * cos Qy + «ui QP . am Qq , cos Q , 
substituting tliia^ 

am gP . cos Qp 5 =s sin QP . cos Qy cos QP . sin Qq , cos Q. 
Multiplying by 

cos y P = cos QP cos Qq + sin QP . sm Qq * cos Q, 
we find fiin qP • cOs yP. coa QPy 
=s:8mQP.coaQP.coa®Qy'-(co8*QP— 8iu*QP),sinQy cos Qy . coa 
— sin QP ^ cos QP . sin® Qy . cos® Q. 

Put I and % for QP and Qy: I and i aie nearly constant 



LUNAR PRECESSION 


147 


nnd, siuco ihe Moon's nodes levolvo in n jctrograde direction 
thiougli a gicnt cncle in 18,6 yenis, if 18,6 ycaia, 




2 TT ^ 


Hcncc^ tho velocity of the pole peipeiulicular la QP, is 




10 ( 71 +]) 


* |sin J CO& / cos*^ e — cos 2 I sin 2 cos 


Qiirt 


^ am jTp cos /. sin® t cos^ 




-} 

Ism I cos I (cos® 2 — 810 ® t) 


(n + I) 

I ^ ^TT^J rfl 47r^) 

— ^ cos 2i . sin cos —^siui^cosi sin i.cos \ 

T T } 

Integrating llns with lespect to t, wo find the precessionol 
motion of the polo 


6 7r®Ji 
r^aj(n+]) 


lam I cos I (cqs® * ^ am® i) . t 


T ^ 2 TT^ 

C08 2i 3111 2 1 sill 

4 TT T 


r ^ 4 7rf1 

— — 8111 i . COS i am i . 8111 — f 
8 TT T ) 


+c 


37 . Tho first loim of ihis expuossion is piopoitionol to the 
time, and, ihcieforo, iiici eases luiifoimlyp The second teim is 

2 TT i 

penodicnl; it depends upon sin 01 sin Q, 01 sin lou- 

gituclo of Mooifs ascending node This is a pait of Lunar 
N Illation, The thud toim depends upon sin along. Moon’s ascend- 
ing node ; it is, tlierefoic, a pait of Nutation : but its iiumorical 
value IS so small, that it is corfimonly neglected. 
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To obtain tho lunar pieccssion of tlio eqiinioxea^ wo ^ 
imi 3 t, iis before, divide the last expression by ain I Tbua^ 
we get ^ ^ 

T cosSJ 2'7rt T r fl 8in47rn 

“ ~ — , , gm 0, i sm cos / , sin ^ . ( . 

4 TT 8in I T Btt t ) 


Tlie fiist term, whicli increases unifoimly, is called simply the 
luniii precession , the i^econd is tlio lunar equation of the equi- 
noxes in Jj^gitudo, the third la neglected The lunai pre- 
cession for a yenr is found by putting T foi ty it is, therefore. 


(«+]) 


cos I (co8^ I “ \ sin*^ i) . T* 


39* Pnor 14, To investigate the alteration in the ob^ 
liqiiity of tlie ecliptic pioduced by the Moon^s action, 


By (36), the velocity of the polo in the dnection Pp, la 

6'”'* -B 

r v(»+i) ''">^ co.,p. 

Tbc velocity, therefore, with which the inclination is inci cased, 
la 

7 • sill q r , cos ft r* . sm QJrq 


Now, sm gP . 3111 QP i/ = siii *, 8111 Q , 
and co8ftP = co8/ cost +8ni I, sin t . (ios Q. 
Tiieir product 

= co8J fiin i cos t .sin Q + sm /.am®* • sm Q cosQ, 
or, iho velocity of mtroasc of mciiiiatiou 
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Gtt’ B 
== 7r^. 


,nn , ^ loco'll 8111 2 1 sill + i sni J.sui’i . sin 

T"aHH+I) r 'T T I 

Inloginting this with rospcct to t, the inchnntioii 




Gtt* B 
3 ’'" 6,(«+0 


cos J . sin 2 1 . cos 


At-. 

. T T ^ 4 7r^\ 

H . 8in 1 • sm i cos > 

8 TT T J 


The teims hubtinctocl fiom / aio peiiochcal, depending upon 

2 TT ^ 

COS” j or cos long. Moon’s ascending node, and upon the 

T 

cosme of twice llint angle; the fuat is a pait of Lunm Nutation , 
the second is usually neglected. 


40, If >vo call a? and y the fust teims of nutation in (3Q) 
and (3d)> it will easily be seen tliat they are connected by this 
equation^ 


r® — 
V37r. 


ar'"a)(n+l) 


jBt.cos® J.sin 9> 




2 r'*a) (» + 1) 


SttU.t.cos jr.9in 


y- 


This 18 the equation to an oltipao, in winch the axes havo the 
ratio of cos I , cos L This explains the construction in 
Wooclhouso’s Ast)ono?}iy^ page 357* 


41, In iho two Inst Propositions wo have considered i to bo 
constantj and Ci lo bo propoilionul to ^4 It nppeniS; however, 
fioin Art* 68. of the Physical A$tronomy, that the inclination 
IS expressed, neaily^ by 




and that fiom the longitude of the node, found on the sup- 
position of its uniform retrogradationj wo must subtract 
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3in 2 , long node— long Sun 

8 

iow, tliG Sun*fl longitude = — ^ — hCy nemly the longitude 
f the node = S60 — • hence, for z we ought to put 

T 

* [l + ~ cos 47r^ (^ + “ + c)} > 
nd for Q we should put 


Qiirt 

T 


3 771 

8in 4 7r^ 

8 



1 

T 



lofore performing the mtegrntions and sin 2 Q, &c. could bo 
xpanded, as in Art. 49> of Phyucal AsUonomy But the ad- 
litional terms thus iiitrodured have small coefficients, and upon 
Qtegiation receive large divisoia, so that they become qiula 
nsensible. The e^^pressions which wo have found are, tlieiofore, 
ubject to uo sensible erroi. 

43 If now, in the teims of Nutation, which depend on twice 
he longitude of the Moon’s ascending node, we used not the 
neaii longitude of the node but the tine, we should add to tbo 
ixpresaione terms which have small coefficients, but which aie not 
iitegrated; and, Iheiefoie, do not receive large divisois. The 
values thus found foi the paits of Nutation at any given time, 
vonid, tlieiefore, sensibly differ from those found by the foimulro 
ibove. And, since the latter diflFei from the true ones only by 
pantUie^ which ure insensible, it follows that the values found 
ly using the true longitude of the node, are sensibly erroneous. 
[ii calculating Nutation, therefore, the jpean longitude of tlio 
lode must be used, not the true. 


43 PnoT?. 15 Assuming the law of density of the Earthy 
uid tlie mass of the Moon, to calculate numerically the annual 
ireceasion and the coefficients of solar and lunar nutation, 
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It is first nocessniy to calculate tlie value of B, oi , 

cr (c) 

\vhich entois into nil the expieasions Suppose, then, ns lu 

SHI fJ C 

Prop 29, of the Piguie of the Eaith, p = 4 ^ . By 

* c 

-Art, filj of the same; 

^(c) = g 

3 \ 2/ (r(c) 

(1 

Now <pic) =J‘^p^—~ —SfoAc 8111 </«, 

= 3 ^ ^ , 

whicli, Iftkon fioni c«=0 toc = c, gives 

0 (c )=3 4 (- 5 - 5 p£.l-!:^). 

And (T (c) ^fop . -j- by (26) = 5 Af^c' sin <jc 


-5 A ( 


— c°.co3gc , 3t.*.amyc 6c,co8<;c Gam 


G am jcx 

i )f 

n ^ 


putting c for c, ^ve have the value of cr (c) Houce 
JJ« /e- X ^ 

V 2/ — f c cosjc+SjT^c’siu jc+GS'c, cosijfc — GsinJ/c 

( 7 ?l\ J! , ^ qc 

2 +V-. iL 

<?*€* 


PUECESSION AND NOTATION^ 




If WQ suppose 5 Id Imve the volue used m Art 66, of llie 
Figuie of the Eailli, namely, “"d take the value of 

e - — , found in Art. 66, we get for the value of B, ,0031677 

44 The solar annua! precession, which is found by sup- 
posing I to be increased by Stt in the expiession of (30), is 

6 w* B cos I 
Tio 


Now Tw = the angle described by the diurnal i evolution of iho 
Earth in 1 year = « tt X 366,26, I = 23° 28' lienco, tlio 
soki annual precession 

B X 3 vr X cos 23**. 28' 

“ 366,26 


Tills IS in parts of the ladius to reduce it to socouds wo imist 
multiply it by . Thus the solar annual pro- 

TT 

cession in seconds 

BX9X^®Xco8 23‘* 28' 

366,26 


which, putting for B the value above, =» 15", 42 


45. From (30) it appears that the coefficient of sui Q.I, in 
the Solar Equation of the equinoxes m longitude, is to the annual 
solar precession as j , £ tt* This coefficient, therefore, 


16^4g 
4 TT 




And from (31), it appears that the coefficient of cob in tlie 
Solar Nutation in obliquity, is to the annual solar procession as 

sin I 


2 


2 TT , cos 
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wliencQ tins coefficient 


15V2 

47rcot/^^ 


46 By (38), the Imini nmiiml piecesaion 

„ Gtt® r cos / / 3 « \ 

= -B X 7717- — r-* (I sni^ t ) 

Tu) T )i+ 1 \ 2 ^ 


NoWj = angle descubed by the cluunal revolution of the 
Enrth in one 1 evolution of the Moon 


T 366,20 n / ^ // 

= 27rX27>32 777= - e = 5^ 8' 60^ 

T' 27,32 ’ 


suppose the Moon's ninss thot of the Earth, 01 ;i“70, 
hence, the lunni annual pioceasion 

„ 3 TT X 366,26 X cos 23 " 28' x ,98791 

= B X ; ♦ 

(27,32)''x 71 

Tins reclucecl to seconds, as tho fonnci wns 




9 X 6 q 1 ^ X 366,26 x cos 23 ^> 28 ' x ,9879 1 
(27,32>*x 71 


putluig the same vnliio foi this == 38'', .^7 


47 . By (38), the cooflicient of sin 01 sin long. Moon’s 

TT 

ascending node, in the lunni equation of the equinoxes in lon- 
gitude, IS 

. *37r . T cos 2 /. sin 2 4 

^ 2 <n) {h + l) . am / * 
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Now 


T r r 1 
r‘w ~ T‘T'' T'o> 


18^6x366,e() 

(«7,32)®x 2vr’ 


icnce, tins coefficient 


_ 3 X 18j6 x366,26xcos aZsin 22 

~ ^ 4(27,32)*. 71 . sm I ’ 

and in seconds 

9 x 60 ^x 18,6x3()6,26x cos4G° 56' am 10° 17' 40" 
= By, 4 TT (27,32)*. 71 sin 23*' 28' 


Giving B the same value as befoie, tlie number of seconds is 
19^3 And compaiing (38) with (39), it is seen that the co- 
efficient just found 18 to the coefficient of cos long ascending 
node in the lunai nutation in obliquity, as 

cos S J - _ y 

;r-* cos or as 1 i tan S i 

sm I 

whence this coefficient in seconds 

tnn 40*^ 56' X 19,3 
^ =3 10,33 

The obseived values of these cocfficicnis are 18", 036 and 9*^,6* 

48 Adding together the numbers found in (44) and (46), 
the whole annual precession := 53",99 The observed value 
IS 50", I 

4g Prop i6 From obseivations on procession ami niita- 
tion, to determine the Moon’s mass, and the ellipticity of tlie 
Earth. ' 

Among the various results' of observation we slinll select, as 
those most accuiately determined, the whole annual precession 
m seconds (a), and the coefficient of the lunai nutation in 



moon’s mass Dbl'ERMINEO 


15b 


obliquity (6), Compaiuig iho expressions in (38) and (39), tlio 
hinar annual precession 


■ bx 


.7r(l-!sin«.) 


Bin 2 1 


^ = 6 X C, suppose. 


Subtracting this from tho whole annual piecession^ llie solar 
annual precession =a-^bC, and 


aolnr annual pi 




lunar annual pieceasion ” bC *” ftC 
But, by the expressions in (30) and (38), 

solai annual precession r'*(«+l) 

lunai annual piocossion / 3 « \ 

T (^l--s,n t) 


hence ^ — la 

bC 


r'*(«+i) 

5 =i;(«+l), suppose, 


.ml»+l=i (i-i) 

This doterinmos that is, the ratio of tlio mass of the Earth 
to the mass of the Moon If wo calculate tho values of C and 

T T 

D wall the values of «, — , and — j alicody given, 

n+1 >=1 7 X 47,52— 177>56. 
h 

bO. The olljpticity of tho Earth ennuot be detorminecl at 
once from those data, but an equation can bo found depending 
on the law of density of its strata, such that if a law be assumed 
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^'Uh one indeterminate coefficient, that coefficient can be found 
»y nppi oximatioiij nnd the ellipticity of the Earth can then be 
letonnined. The solai animal precession wo have found 
= — C but the expression foi it in seconds, by (30), is 


linking ihese eqiinl, and putting foi C ita volue^ 
^ = a X, 0002054 -i x, 0007 675 


riiia given tlie value of 



<^(c) 
' o- (c) 


[f, Qs in Art. G5j of the Figure of tho Eai tti, we asainiie for 

Sin i7 c 

the form of the expression for p, 4 j have tins equa- 

0 

Lioiij 





3 z 

H o 

q c* 


- 1 




+ 3 



z 


o . ^ 

- 5 —^ 
q c 


xvheie =s I — 


tan qG 


Bnding the value of gc by appioximation, the ellipticity of the 
surface will be found by subslitutnig it ui the equation 


5 m 

e =3 

55 


Sz 

<2 


-1 


gV 


+ «-3 
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51 The values of a and according to the obseivfltions 
of most nstroiiomejs^ are I and Substituting these 

in the foimulai above, ?i = 68j9, and 5^,0029^225 Assuming 
the law of density mentioned above, jc== iGO^. 53'^ and 


e== ,0030012 = 


1 

324,5 


52. Dr Brinkley, in the PliiloBophcal Tuimactions foi 
1821j has reduced the value of b to 9^25 This gives n = 78A 
and 5^,0031911? thence 50 = 149 ®. lO'^ and 


o = , 0032973 = 


1 

303,3 





CALCULUS OF VARIATIONS. 


1 In solving problems of niRXima and minima by llio 
Differential Calculus, it is necessary to express the quantity, 
wbicli 18 to be made a maximum or minimum, in terms of the 
independent variable, or at least to find an equation between 
them j in all cases it is necessary to assign a relation between 
the function (u) and tlie independent variable (a?), so that for 
any given value of Xy the corresponding value of « actually 

can be found* When this is the case, ^ can bo found , and 

dx 

if we make it = 0, an equation is obtained, which, combined if 
necessary with the original equation, determines the value of x 
or «, corresponding to the maximum or minimum value of n , 
and the problem is solved 

2 But it 18 sometimes necessary to solve pioblems of maxima 
and minima, when the relation between u and x cannot bo 
expressed, « depending generally upon an integral J'atVy where 
V involves and its differential coefficients, and where it is the 
ol^ect of the problem to find the relation between y and x\ 
Suppose, for instance, it >Yere lequired to find the curve of 
quickest descent from one given point to another then, if 
T be measured honzontally from the first point, aud y vertically, 
and if the time = «, we have 


dx 




01 




\ 4 - 


£ 
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This e\pie33ion plainly cnmiot be iiitcgmtcd except the i elation 
of y to ,r be given, but this it is the object of the piobleni to 
discovci Heio then the methods of the Djffeiential Calculus 
entirely fail and some now piotess must be devised for the 
solution of problems similar to tlio preceding 

3, The method given by Lngiaiigo beais a close analogy to 
the methods of the Differential Calculus In oidei to find \vhat 
must be the i elation between x and y, to make ii n maximum 
01 mniinumi^ we must conceive an expicssion to be assumed 
foi y^ and this expicasion to bo then altcied by the quantity Sy, 
St/ being some function of a:*, NoWj in oidei that tho assumed 
value of y may possess the desued piopcrty of making « a 
maximum oi mmmiumj it is necessary tliatj upon substituting 
y + fiy and j/ - Sy foi y, 7^ may, by both bubstitiUions, bo in- 
C! eased, or by both bo diminished* Tioin this it follows^ by 
leasomng piocisely similni to that employed m tho Diffoiential 
Calculus, that the sum of the terms depending on tho fiist 
powei of Sy, in the new values of u, must = 0 If tlien wo 
can by any means cxpicsa this sum, we shall bo nblo to lind llio 
I elation between x and y, that will make u a maximum oi mini- 
mum 

4 This method is sufficiont when, supposing n expiessecl 
by an integral, the valubs of x at tbo limits nio known as, for 
instance, in tho pioblcm of (S), the oxticme points of tho ciuvo 
aiQ given But these may be uudetorniined, as in the pioblom 
“ To find the line of quickest descent fjom one given cuivo to 
anoLhei given cinvo’^ Suppose Aoj Bb^ fig* Ij to be the 
given curves, APB the curve leqmred. If w'c suppose Sy to 
have such a form that foi tho values of i, corresponding to the 
points A and By Sy 13 = 0, the curve APB will bo changed by 
this variation to such a curve as ApB But though tho con- 
auleialionof the effect of this variation will assist ua in discOveimg 
the cuive APB, which is the line of shortest descent fjoni the 
point to the point B, it plainly will not enable us to detoi- 
mine what points of the given curves must bo selected foi the 
extremities of the curve requiiech If wo suppose the form of 


C'AjLCULUS OF VAlllATlONS 


1(50 

to be such, that Sy is not=0 foi the values of i coi rospoud- 
ing to the points A and Hy this variation will change the cuive 
APB into A'P*JS y in which the values of oc foi and Bf y ere 
the same as those for A and J3 Since this new curve is not 
terminated by the given ciuvesj the vaiiation is not such as iho 
conditions of iho problem lequnc The melliod which we have 
given, IS, llieiefoie, defective, its deficiency is supplied in tho 
following manner^ 

6 Instead of supposing the cuivo to be varied by the varia- 
tion of only one of its co-oidnmtes (y), suppose both co-ordinates 
to be vaned , that is, suppose the co-oid mates of tl^e now ciiivo 
to be 

+ and y^==y + 5y> 

Sa nnd Sy being functions of x. This amounts to supposing, 
that in fig 2, x and y being the co-oidinales of P, 

NN^ = S V, and QP^ = » 

nnd thatj by taking successively other points of AB, a senes of 
points la determined, thiough which is diawn Now, if 
we take caie to give Sj and Sy, at the exliemities of AB, such 
n relalioHj that the point A' will be found in the curve A a, nnd 
the point m the curve Bby the variation will be such, ns the 
conditions of the problem leqinre* And as the foim of the 
function which we suppose to represent So? oi Sy generally, is 
absolutely arbitrary, subjected to no other condition, than that 
S i and 3^ nt the limits, shall have a given ratio , this variation 
13 the most geiieial, which it is possible foi us to give* 

6 TImt the value of it may be a maximum oi minimum, 
the sum of the terms depending on the fiist powers of S.r and 
3yj as IS shown by the same kind of leasoning as that used in 
the Differential Calculus, muat = 0. In findihg the vaimtion 
of Uf. therefore, we may confine ourselves to the teims depending 
on the fiist powei of S»r and Sy 

7 Por this purpose, we will find 3y, &c , 
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4s fai aa the fit at powei of and The oliginal value of 

(h/ II. , di/ 

p was — , the value, artqi giving to x and y a variation, is , 

heiicG, ^ 

av dv 

dy* dy ^d ly 
dy dx dx (lx 


dx 


1 + 


dx 


^dif^ ^ d hy dy d hx 
dx dx dx dx ’ 

ft d hy rf Sr 


8 . 


d£ 

^ dx' dx dx' dx 
dx 

dp ^ d ^p 

^ dx dx dp d Sp d , Sa? 

dx dx ^ dx ' 


1 + 


d Sj? 


, , ft d Zq d So: . 
And S? = — “* — ; — > 

dx dx 

Let then -fJ. 


iy' fcemg the same function of x yy\ 6cc. that V la of a?, 8cc ) 

X 
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Now^ suppose F to e a function of 3^y2/,P)qy 8cc ^ 

3 — ^ 3 — ^ ~~r^ ~ Pi *3 — Q, &C 

dx dy ’dp dq, 

llieiij (to the first power of Sa?, 8crj) 

r c= F+ MSx + NSy + PSp + Q^q + 8cc , 

, dx d 

and — ^ 1 + 

dx dx 

Hence, hi, (integrating the first term by parts) 

+yL(MSr + + PS^ + QSy 

The integrations are performed with respect to x, coi 


y,p, q, &c. as functions of a?, hence, for 


djn 

dx 


wo mu8 


dx dy dx dp*dx^ dq*dx^ ^ 
^M+Np + Pq-i-Qr + ^c , 
then, Sk t=: VBx +X { N (Sj/ — Sa) 

H-P(Sp-5Sir)+Q(S|2 — r3x)+8cc }, 

9 Now, upon substituting the values found above 
Sg, 8cc,, M^e find 
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d f/.Sa ft 

— q — ; 10 V 


dx dx 

_ d(S/3 — ySiO _ — pSar) 

” "■ dx^ 

aud 80 on. Let Sj/ — / j 5 t =s w , then Si*- = 

Vhx ^fANm + p 4^ + + 8tc) 

*" at <lx 

Integra Hug by paita, 

f.p^“ 


dx 


p r 


^ rZ®<i> ^do) d(Q,) „ d’(Q) 

= ^di~ 7!r"+-^'"— • 

and so for the olliors U being obser^^od, that &c signify 

the difFerenlial coefficients with lespectlo x, considering y, , 
&c. as functions of x Hence, wo have Sw 

V^x + o) {P — - + &c,} 
dv ^ 

dw 

+ — (Ci*— &c.) 

dv 

+ fiec 

, ^ d(P) . (fiQ) ^ , 

+/»W + ~ }. 


dv* 


a (u 

And, putting foi co, — , 8Cc their values S;y — pox, dp - qoXj 


?CC.; 


VSxX +(Sy — ;}Sa) . {P -* — 

U (V 

+ (,Sp — qSx) {ft— &,c,} 

+ 8cc 

, d(P) ifUQ) 

+ y*"' + “T &c } . 


dv 


dv^ 


16^ 
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Or^ since tlua quantity results Iroiii integiation, and must, iheie- 
fore, be tjiken between limitSj if wo put V^y 8cc, foi 

the values of y^ p, V, 8cc., nt the fiist linut, and y^^y p^^y 
&c for those at the second limit, we have 

= Fjv„--F,8x, 

+ {P„~ + 8Cc } 

+ V,) (Q„ - 8ic ) — (Sp, - (jr,S r,) (Q, - 8ic .) 

+ &c — 8cc 


, y fxT 


d®(a) 

dx^ 


&c,} 


the last integral being supposed to be taken between the same 
limits aa tlie others 


10. When jt is a maximum or mniimum, the expiesaion 
above inusts=0 Now this expression consists of two parts 
perfectly different, the fiist involving only the vttlues of Sa' and 
cy at the liinite, the second being an integral dependent on the 
geneial values of S.r and Sj/ Now it would bo possible to 
assign different foimsfoi 5r and Sy, \Vluch should leave their 
values at thelimilB unaltered, while the value of the integial 




djF) 

<h 


+ 


rf*(a) 


— &c 




should be nlteied in nny way vvhalovei In older then that Su 
niay = Oj whatever bo the foim of and Sy, we must wake 
these two parts separately = 0, which can be done only by making 


dm d\Q) 
d% di- 


&c =0, 


and {P. - ^ } 
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- (.h~ { P,- + &c } + 8cc. =0 

In the latter of these equations, we niiiat climinntej by means of 
pveii lelalions^ as mnny^na possible of the quantities Sr^, 

&c , and make the coefficient of each leinamiug one sepa- 
rately equal to nothing 

1 1 , The equation 


Diay, iLi moat cnses^ be lendeied more easy of application by 
Jiitegi atiou. Thus, suppose thoie entei into F only y and 
the equation is i educed to 

diV) ,i(P) rfp 

= -P*—l 7 > 

dx (lx ax ax ax 

integrating, F=Pp + C* Suppose V involved only p and y, 

d(P) d^Q) „ d{Q) . ^ 

then --r— =5 —5 , P = — — + C; 

dv dx (lx 


d(V) j.dp f.dq d{Q) 


zntegraliiig, V=Qq + Cp + C' 

Or, supposG V contained only y and q , tlion 

. d\Q) _ ^ cl\a) 

N + — = 0, or N= j-y-, 

dx (lx 

..!tp=Nf!+a4J = -p^™4.a^> 

at ax dv ^ do^ dx 
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intGgi atjng^ V == Qj p 


(1(0) 

dx 


+ c 


And snnilnrfy in other caaes 

12 We proceed to dlustrato, by oxamplea, the apphcntion 
of these formulas, 

It JB required to find the slioitest hue that can bo drawti ftom 
one given pointj to anothei given point, Hoie 

“ *=y* ■n/ 1 +p’ » r=x/]+;)*, 

into which p only enters , the equation 

N - &c =0, becomes = 0, 

dx dx 


and it 18 a atiaight line Since the cxtremitios are iiivaritibloj 
h,' ho h<» are all=aO, andj therefoio, the fiist part of 
vanisfies without any relation between P, 8ic, 


13. It in required to find the ahorteat line that can bo drawn 
from one given curve to another giyen curve Here 

y ^\/ 1 + p ^ 

and^ qs before, 


d{P) 

dx 


= 0, Por 


y' 1 +;j' 


5 = c, p = 




a. 


The other equation beconies 

— P, => Q, 


» ‘••eii, m clianging ATi 
to Aff, Q8 the point A' is to be foupd in the ciiryo Aa^ iho 
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rntio of Sr, to Sy, or of At to tA*, must be the same as tlie 
ratio of the increment of a, to the increment of in the ciuve 

Aa» Let ^ = ttj, be the diffciential equation of the cinve 
(tx 

d^i 

Aay then niuflt=5=mSr^ In the same manner^ if —• =: 

ar 

bo the diffaientifll equation of the curve Bb^ = Also, 

^ y 

n-J’* = ^/T+^•-;;7^ = 


and P, 


■yi+ft* //!+? v/>+«'” 
1 

VTT^' 

p 

VT+^- 


Substituting, the equation becomes 
»C, , 1 \ / mC, 


find since we cannot assign any 1 elation which will, in all cases, 
subsist between and 5*1^^ wo must make oach coefficient = 0, 


or 


1“|“W(7 = 0, l+?reC^ = 0 


These equations show, that the line lequired must cut both the 
given curves at right angles. 

14. It IS required to find the curve of quickest descent from 
one given point, to another given point. Let tlie higher point 
be made the ongm of co-ordinates. 

Here t ^ f ^ , and, tlicrefore^ f ^ 
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must be a mimmura , V = ^ cOnlaius only 

V3/ 

y and p, we must have, by (11), 


F=Pp-f^. 


Now P = 


n/I±Z 


7JV 


1 +p 


P 


\Jv Vy n/ c ' 

Ot y , >/ 1+ p* = C , 


£?r _ 1 y ^ 

integraUng, x-^C == — vei sm" ’ ^ — sj C^y —y* » 

2 O 

the equation to a cycloid, whoae base is liorizontal, whoso verto^t 
18 downwards, and whose cusp is at the higher of the given points. 

15 It 18 required to find the curve of quickest dosCont from 
pne given curve to another given curve, the velocity at every point 
being that acquired by falling from a given horizontal hue 

Here, (as in the Inst), V = ^ the equation 

N - ^ + 8cc =0, 

dx 

gives ^ y 1 +p'* = c. 

Also, r - Pp = , and P = — = C . 

^ vy -s/l + p’ 


Hence, the equation for the limits becomes 
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■^,^>^= 0 . 


orj if 


fh/ 


m, 


di/ 


dv difFeientml equations to the 


given CIUVC8, Sy, and 3 ^^, inii8t = Ji5i,,, and 

ft fj di, — 0 


Since ill 010 IS no rcliiliou between and we must ha^e 


1 = 0 , 77ip^+ 1 = 0 , 

ibnt 18, tlio cycloid will out both the curves nt light npgies The 
cuap of tho cycloul, ns oppeais from the equation, will not be 
nt the point nt which tho falling body leaves the first cinve, but 
will be ju the given hoii;:ontnl lino 


l 6 , To find the foim of n solid of revolution, that the resist- 
nneo m moving Ihiongh a fluid ni llie diiection of Us axis, on 
the iisiud suppositions, may bo n minimum 


Tho roaislnuco oc 


T+7’ 


. . F = 


!/l>' 

1 +/’ 


— (T+7? ^ 


3 p’+ P"* 
(l+P'')" ’ 


nnd tlio ctJimUon y=i Pp C gives 


+ p^ _ 3 p^ +P'’ 

^ ( I +P*)® ~ “^(l + P*)' 


or 




+ C — - 0 , 


(1 + 

the difYoroiitial equation to the cuive, by wlioae revolution tho 
solid roquiied is generated 


17 * To find the cuivo, which, of all that can be drawn 
between two given points, contains between tile curve^ the 

Y 
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evolute, and the ladii of curvnture at the extiemities, the least 
oren. If A be the incretnent of x at any pointy the coiiesponding 
increment of the aic is ultimately A 1 + radius of 

curvature = heucej the inclement of the area la 

“7 


iillimately h , . w 


27 

Here, F = 


must be n miniimuii 


q 

(] + PY 


and as tins involves only p and q, 

r=a 5 + Cp + C', Dy(lO 
, - < ■ t/ l' . ..*<!-+£>; = cp + C'. 


n / 1 L. 

And Q = - 

<1 ? 

„ (Cp + C)q ^ _ 
Hence, , ' o = 2 } 


(1 + P7 
- C + CTp 


integrating, ^ p. 


+ O' ton”’ p S3 4 (i + «). 


And 


integratingj 


[Cf + Cp) 7 

(1 +P*)* 

-C-Cp 


= 2P, 


1 + p* 

Eliminating tun“’p, 

C''»_C* + 2CC' p 


+ C tan 'p — 4(y + J) 


j p, = 4 { C (a: + a) - C (y + i)} 
Let C = 4/ sm 0 , C' = 4^ cos 0 , 


substituting^ 

<j08 80 + Bin £0 p 


/ 


1 +v 


~ 'sin' 5 (.r + a) ~ cos 9 {y -h A). 



JiX AMPLER* 


in 


To trnnsfoim this into a moie simplo equation^ we will farat change 
the origin of co-ordinates, preaeivnig their diioction, if x* and^ 
bo measured fioni a point whose co-ordinotes aio — a niid — b. 


then, = + y -y+bj p' -V, 
and tlie equation becomes 


/ 


cos 20 + sill p 

1+^ 


sin 0.x*— cos 9 v*. 


Now, take n new system of co-ordinates x" and y", (fig 3.) 
having the same origin as x' and y, but inclinod to thorn at im 
angle 9i then 

y = X** sin 6 — y" cos 6 , »! — x" cos 0 + y" sin 0 « 
dy 

, ^ _ diP sin 0 — cos 5 p" 

d V d x/ cos 0 + sin 0 p" ’ 
dx" 

1 t, * ^COS®0 — 8111*0 p"* „ 

and substituting. / = y i 

1 i" P 

(1 + p"'*) 

tlie equation to a cycloid If the position of the tangents at tho 
extreme points be given, the conatanta must be detennincd, so 
as lo make the cycloid pass through tho given points, and touch 
the given tangents. If the extreme points only be fixed, leaving 
the directions of the tangents mdctorminate, 
are^O, and the equation 

KK- yp, + («y, -J>X) • {P, 
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+ Q»*- 

13 reduced to 

<^Jpu - " 0 


Let (p, Riid (pf, be the angles which the diicctions of the Inu- 
gouts at the extreme points make with the axis of x , then 

= tan (p ^^ , = (I + /O ^ ( I + p^) ^(p ^ ; 

also (pi^, = H j 

and making equal to nothing the cocflicients of ^(pf, and ^(pj, 
we hnd 


9, 


that iSj at the extreiViiijes, the radii of cuivatuio mo oach = 0 , 
therefore these po^pte are cusp 9 , iheieforo tlie curve is a com- 
plete cycloid 


18 In all tlie examples i|bove, wo have aupposccl, as la 
commonly the case, that V does not anvolvo the limits of tlio 
integral But it may happen, that V will involve llio values of 
2/» P> si\ the limits In that case we must recur to tlio 
investigation m (8) ; instead of giving the value which at 1ms 
there, we must put 

y = r + 5 j., + -7- + &G. 

dv, ihj^ 

+ MSx + N^y + P5p + 8cc 

By going through the same operation as is ihoie peifoimed, wa 
find du 

= F>„- V,^v 

+ ib,- pM> + 8cc.} 
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(Sy, - P,^x) { P, - + &c } 


, „ d{P) , tPiQ) ^ , 

+/*" ~ ~T~ + See.} 

a I (lx 

X P /dV ^ d V ^ . \ 

Now, &C.J aie not functions of geneially, but of 

tl)o hmitnig vnlues o( x , and, theiefore, in the integiation they 
may bo conaidored constant witli respect to r, and may put 
before the intcgial aign as muUiplieis The last line, theretore, 
IS not to bo connected with that immediately preceding, but with 
llio formei parts. Tima we have Sw 

= >■„«*,- »',«»,+ ^ + hX ^ 

■+■ ‘ '> - ih- p/ Sec ) 


+/.„ ;n - + ecc i 


19. Suppose, fo) iiistnnce, it weie lequired to find the cuivo 
of quickest descent from one given curve to nnothei given curve, 
tlio motion being supposed to commence at the first 
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5lld by (U), 

F= Fp + or sjy—y, \/T+p = C, 

and lliG curve is a cycloid lu the same position as before, its cusp 
being at the point fiom which the motion begins Now 

do not enter into V and to integrate , wo observe 

^y, 

tlint, trom the form of ^ in this paiticular case. 


^y, 


dy 


■Nt 


rf(P) 

dx 


/ d(P) \ 

^ainc6 N * 


^ »dy^ 


which, taken between its limits, is -- -h P^* Hence, w^ 
have for the fiist part of hu, 

= {V„-F„p,) Zx„-^Fjy,- (y,^F,p^ ^x,-Pjy, 

And, if the equations to tho limiting curves be 
dx ^ dx * 

we must, as before, put = and we 

find 

(1 + p^n) ^x„ ~ (1 +p,^m) Sx^ = 0 
then, since und are indeterininate^ we shall have 
I + p„n = 0, 
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eliews that the cycloid cuts the second curve at right 
angles^ and 

1 + = 0 , 

which gives tw = n, nnd shows that at the points where the 
cycloid meets both cuives, their tangents aio paiallel, 

20,; There yet lemains a veiy extensive class of problems, 
those in which the value of one function (d) is given, while 
another («) is to be mode a maximum or minimum Foi m- 
Btancej it is required to find the foim of a cuivc, whose length 
is given, that the area contained by it may be the gieatest 
possible If we lake the variation of u ns in (9), wo must not 
ns in (10) make the two paita, of whicli it cousistsj separately 
=aOi for It 18 not nocessaiy that Su be = 0 for any values 
whatever of Sx and but only for such values as make 
5t)t=0, a condition which would by that process be entirely 
neglected. If, however, we make + = 0 (a being a 

constant to be detei mined), on the supposition that and 5?/ 
have any values whatevei, then, the values of and Sy which 
make Sv = 0, and no other, will make ^24 = 0 And, nt the 

same time, an additional constant is introduced into the equation 
between x and y, winch enables us to give to v the value re- 
quired m the statement of the problem Hence, when u is to 
be made a maximum or minimum, while the value of v is 
constant, we must make S (u + av) =0, proceeding in the same 
manner as in the simpler cases And, if it were required that 
n should be a maximum oi minimum, tho values of the functions 
V and w being constant, the same reasoning would shew that 
we must make S (?< + at> + fii^)=»0 , nnd so for any number of 
fimcttons, 

21. Taking the instance above, the area the length 

•. u-\-av=f^(^ + a r = ^ + a a/T+p'* . 

and F=Pp + C, or y + a 1 +p = ■ + C , 

V 1 -rp 
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a r_ ^ - ^~y ' 

V N/rt’-c-Jf’ 

t = c'-V^^:r(C^. (.^'-CT+(y~C)‘=.«^ 

he eqimlJon to ii circulni me It the limits be fixedj ihe vnluos 
3f the constant must be (lotcimiiiod so ns to mnke the length of 
ho aic equal to the given length, and to make it pass ihioiigh 
he two given points If the limits bo not fixed, suppose the 
list and last oidinates AM, BN, fig 4, to bo given ^ ihoftj 
mice = 0, the equation foi tlie limits icdiicoR 

ilsolf to 

fioni which 

yiiico F— Pjj=C, Uioso equations are satished liy making C— 0; 

. . (x-G?-f- 

llmt iSj when lliu longtlis of tho oidintitea AM, BN, nrttl the 
me AB mo given, tlio mou AMNB la a maximum if iP bo 
a ciiculm aic, whoso coiitcr C i8 m tho lino ilfJV. If AM, 
ilN, each = 0, MN is tho choiil of jIB and, it nppeam that 
the curve wliicli, with a given length, coiilmns between Us ctiord 
mid Us me the gionlcst aron, is llio semi-ciiclc 


23. Given the length of a cnivo, to find its foiin, llmt Us 
coiUoi of giavily may bo tho lowest possible. Let tlio Icnglli 


« h ; then, the depth of the center of gravity = 
tlio lengtii ~J'i >/ 1 + p'^ , henco 


1 

h 
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mid making F ^ Pp + C, 


, y 

a + 7 

b 




n/ 1 +y 

whence a = iC log \y^ba + + Aa]* — i*C*)} + C^; 


the equation to the catenary If the extieme points be not 
hxed, but move on curves, it will be found that the catenary 
will cut the curves at light angles 


23 Given the surface of a solid of revolution, to find Us 
nature, that the solid content may be a maximum Let x bo 
measured along the axis of revolution , 


the surface == \/ 1 +jP* > solidity — f 

. V=/+ay v/ h7% V=Pp + C gives ^ 


. dx 
whence -p- — 


c-y 


<^y V«y-cc-y)’ 


If the first and lost oidlnates of the generating curve, and iho 
distance between them, be fixed, this equation (supposing it 
integrated) is sufficient} the three constants which the integral 
equation will contain must be determined so as to make the 
first and last ordinates, and the surface, equal to the given 
quantities* If the distance between Uie first and lest ordinates 
be not given^ then S^,=0, and the equQlioii foi the 

limits 18 ' 


and, as there is now no relation between and St/» C 0 


Hence, 


dx 


m 


-V 


V aV-y V "* " y 


^ ’ 


z 




I I, 

Y J.Srv.' 
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g = Oj or ^+!^a (^’+^>4 

the equation to the cuive by tlio i evolution of which the 
18 generated If the fiiat and last values of a be giveuj a 
be determined, so that the included solid = the given so 
If the first and Inat values of a; are indetcrnnnate, the eqi 
of the limits is 

= or r, = 0, y,,=<0, y,= 

ttud the solid must bo that generated by the i evolution c 
whole curve, whose equation is 

+ 2a (r® +y*)8 = 0, 

a being dolerinniad so that the whole solidity = the given sol 

27 The lules aud examples above will serve to eluc 
all the cases that commonly occin , and the same piinciples 
easily bo extended to moie difficult problems For in^ 
gations of the cases where w is given by double inlegratio 
by the aoUitiou of u differential equation, or where V 
function of two or more independent variables, or whei 
depends upon another integral, the readei is refenod to Lac 
Traith du Calcxd Hijjlirmtitlf et da Calcul Intigial, 1 
2™, or to Woodbouse's hopenmetrical Vwhlms, 
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